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ITPEJIVICIIOBHIE

ITocobue 6Gasupyerca Ha NEKIAIX aBTOPOR MO TeopwH GOYHKIMHA U HPHONIKEHUH,
OpHIUTATHON TSOPHM NPHGIFDKEHHT, MATEMAaTHICCKOMY MOIEIMPOBAHHIO K Ap. B paMKax
COOTBETCTBYIOIIMX CIIENKYpPCOB, 9UTAEMBIX MMM B TEUCHHE mocaeaHux 13 - 15 mert B
SlpocnaBCKOM roCyqapcTBeHHOM yHHBepcHTeTe. 1o cBoeit mueonorun, paccMaTpHBacMbM
3agagaM | CTHIIO H3JI0KEHHA OHO GJIH3KO K y9e6HBM 10COGHAM IO TeOpPHH NpHOMKeHHT
¢yHKIAH, BanmcamHBIM @ HadmHat © 1981 1. Ha kadenpe Teopmm QyHKUEA u
¢ysxmuoameEOro aHamsa SplY ([2 - 5] B crmucke mmTepaTypsi). ApropoM (W
COaBTOPOM) ynoMaHyTeIX KHHUr asisercd 0. A.bpynHeni, ocHOBaTe)lb H PYKOBOOHTEID (B
1974 - 1991 rr.) spocnaBckoit mxomel mo Teopuu @yHkumE. Hactosmee mocobue
Harmicado 6naronapHeve yderukamu FOpus AGpamosiraa bpymHoro.

[locobre HEMMKOM NOCBAMEHO MNOJIMHOMHAILHOH H KyCOYHO-IIOIMHOMHATBHON
aNmpOKCHMAIMA QYHKIHME ONHOIO M IBYX NCPEMEHHBIX B PaBHOMCDHOH METpHKE U
6mu3kaM BonpocaM (MOIY/M HENPEPHIBHOCTH QYHKIHE, TeopeMa Y UTHH, HETEPIIOIAINA,

| TOPATMBI KYCOYHO-IOJMHOMHAIBHOH AIITPOKCHMAIIH).

Kaxk npaemriio, paccMaTpiBaeMbie BOIIPOCHI COBCEM HE OTPAKESHBI MIIH HEXOCTAaTORHO

‘ OTpaKeHEI B yaeOHOM /mTepaType. P41 pe3yIsTaToB H3N0XKEH B CHEHUAIEHOM JIMTEPATYPE,
HEIOCTYIHOM CTyAeHTaM.

ABTOpBEl CTPEMHIHCH CHEIATh M3JIOKCHAE MATepHana MaKCHMAanbHO [TOHATHBIM
CTYAEHTaM CTapIIMX KypcoB; C 3TOH HENbI0 B MocoOuM Takke pa3obpaH pan IPAMEPOB H
npuBenEE 6ompmol HaGop 3a7ad M YIpaKHEHAN 10 BCEM pasfesiaM KHMIH. JTO JeiaeT
BO3MOXKHBIM, 110 MBICIH aBTOPOB, HCHOJL30BaHME M[OCOOMA [UIA  aKTHBHOH
CaMOCTOATENBHOH paboTEl CTyZeHTOB. B KOHIEG KHWMTH JAalOTCd KOMMEHTapHH H
Gabmorpaddeckie 3aMedaHuA i1 3aHHTEPECOBAHHbIX THTATENEH.

Becs matepman nocoOusa pa3GHT Ha IBe 9acTH M JABeHAANaTh naparpadom.
HyMeparmsa yTeepxneHWii ¥ (GOpMyYIT OCYINECTBIAETCS HE3aBUCAMO B MPENENaX KakIOoro
naparpacga; 3To yIHTHIBAETCS NPH CCHUTKAX Ha HHX.

ABTOpEI

YacTh 1. MoaymM HenpepsiBHOCTH H NMOJMHOMHAJIbHASA
annpoKCcHMalMA QyHKLWA OAHOI'O INEPEMEHHOTrQ

B niepsof R

NepBO# 4YacTU nocofud = 0603Ha4yaeT COBOKyHHOCTb aﬂreﬁpa—
MYECKNX MHOTOUIEHOB OT OIHOT'O IIEPeMeHHCI'0 cTereH:n < K, k=0,1,
Yepes C?Ox @) Kak 00HYHO, 0003Ha4yaeTcsd COBOHYHHOCTB HerpepHBHBIX
pyurmr £: [a,8]— R C HOPMOI /lf/c( maxé/f(x)

a<xs

§1. Moaymd HeNMpepMBHOCTH MEPBOrO NOPAAKA ¥ MX CBOHCTBA

Monysu HENPEpPHBHOCTH IOpsiKa K ABJSANTCA TAK Ha3HBAESMBMU
PA3HOCTHEMY XapaKTEepUCTUKAMU [I0BeIeHUs QYHKIME. 3TU XapaxTepUCTUKH
YaCTO WCIHOJB3YWTCA B aHaJV3e U ero NPUJICKeHUAX. B Teopuu mpuliivke—
HYsl, BHUYMCJUTEJNBHOA MATEMATHKE MOJAYJM HENPEepPHBHOCTH NPUMEHAKNTCS, B
YACTHOCTH, [P OLEHKE TOYHOCTH WJM CKOPOCTH NpuOJmM¥eHUs. BaxHo, 4YTO
3TV XapaKkTepUCTUKK HEelPEepHBHOCTY (MJM TIAZKOCTH) OYHKUMI He WCIIONb-
3YRT uxX IuddepeHumpyeMocTd. OIZHAKO DAL CBOWUCTB MOAYJeHd HENPEPHBHOC-
TU 8HAJIOTWUYEH CBOACTBAM [POM3BOJHHX COOTBETCTBYWUErO MOPAIKA.

MH HayHeM C BBeAeHUS MOZyJiel HelpepHBHOCTY [epBOI0 NOpAlKa He-
NIPEPHBHHX Ha OTPEe3Ke QYHKIWA.

Ompenenierre. MoOyJeM HENPEPEBHOCTH IIEPBOTO IIOPAAKA (MJIK [IPOCTO
MOZyJeM HENPEePHBHOCTH) (YHKIAU f € C(a €) masmwBaeTca QYHKIINA
e(f; t)=w(t) aprywerta £ € [0, oTpefefieHHAA DABEECTBOM

wfit):= WP 2 THE) - £l (1)

Ix—(c/u‘t
WJM, 4YTO TO ¥e camoe,

w({;t):—_-o sep  sup

2h 24 Q@ <Xr<

/7{(&4-/1.)—7?(3:)/_ (2)

TaxuM 06pasoM, 3HAUEHNE w(f ;t)  pasHO MakcmMaibHOMY KoJe-
Gamuo GyEkuaM { Ha OTpeske LWMHH < &
MOXHO JaTh SKEMBAJEHTHOE ONpelesieHUe MOZYNA HEIPEpHBHOCTH Hepes




J - ToknecTeesms onepatop; torza Ay = Ty =

-6 -

omepatop D) - Tak HaHRAEMH OMepaTop B3ATHA PA3HOCTH ¢ maroM A
/MeHHO, mycTs Ty - omepaTop cisura Ha A : T f(x)= f(x+4)
. 3T0 03Haya-

€T, 4YT0 IJA BCex
By fe) = F(x+h) - fle)

Hetpyano morasate, wro Ty u Ay mpn Boex A€ [0,£=¢] - J-
HEeWHbe HelpephBHEHE OHEPATODH , NelCTBYBIME U3 C(a, g) B C(aag—ﬂ);
[Ip 3TOM WX HOPME PaBHH COOTBSTCTBEHHO

1Ty 0 L; 14,

Cla.b)=C(a,8-4) " /{C(a,g)—»C'(a,g—A) e

B cooTBeTcTBHM ¢ QopMynoR (2) ad 746 C(a,€)

SO fort bt pflty ol gy o icon

O<hs

B npaBodl 4acTM (3) BMecTo PaBHOMEDHOH HODMH MOMHO HCIOJB30BATH
HEKOTOPYD APYT'ym /fo » 9TO JIaeT BO3MOMHOCThL BBECTH MOLYJH Hempe-
PHBHOCTH LA QYHKIMA U3 IPYTMX OYHKIMORAJLHEX PCCTPAHCTE
HallDUMep, IPOCTPAHCTE L/g ; féps.: ©= . MH OrpaHWuMMCcH ML CJy-
qaem X = C(Ct,g).

Mony/nb HenpepHBHOCTH OYHKINA f R g E
PHBHOA Ha BCEH [pPAMOH, ompelsiseTcs DPABEHCTBOM

w(tit):=sup 1 f=)-flg)= sup D4 F G
Ix-y1 £t islng

. DABHOMEDHO Helpe-

OT™MEeTuM, 4TO M3 ompenefenus V() clenyer HepaseHCTBO
1{(=) - $(p)] = w0 (1x-y1).

[IpyrMeps.
1. Eem f(x)=Ax+B ,xe R 1

w(f;t)= EE | A(x+h)+8-Az-B | =
zeR

P [Ahl=]Al+

i
0£h ¢4

2. Eom f(x): stnx, xeR o

-7 -

w(f.‘{); Sup [ Sin(x+t)-swmx)=2 Sup /Cos(@uz—{)sdnef e

ochet 024 ¢+
xeR xeR
- 2simE | teT
= 2 sup /sm;zé [ = 2
O%h €4 2 , t>x
3. Ilyctb f(-x) UMeeT rpafuk, u3o0pakeHHHM Ha puc. 1. Torga
w(f;f;) = w(f) UMeeT rpaduk, [0Ka3aHHB Ha DHUC. 2.
J(=) 2 owi(t)
3 3
2 2
1 1
0 { 2 3 & x o+ 2 3 4 +
Puc. 1 Puc. 2

CBOfiCTBa MOAYJs HENMpephBHOCTH (NEpBOrO NOPAAKA)

w(0)=0.

.

2. CO('U He yOHBaeT mo T .

3l w({) HelpepeBHa |

4. w({) Cy0aANUTURHA (IOJNYyaNNATHBEA) 10 € , TO ecThb
w<'£‘i+'(32) < w({i) + w(t,).

5. 1 nelN, ntelob-al wrt)cnwl).

6. A»0 , (A+l)te [0, 6-a] w(t)s[Mi]wit).

7. w(f;t) =0 & £




= 8 —
8. W(%éj?cf, pyu4eM JJd fﬂ g?,
i . L p
5. gom feCt(a,8) 10 w(fit)< tif he oty
floaTomy st .fe C{(a,@) c,tew(t)=c,t.
0. w(fit) € 21f0,.
JoKa3aTeJbCTBO. CBOHCTBa 1,2,7 4 10 o4yeBMIHE. CBOUCTBA 3,51 6

cAeynT 43 cybazmaTisHocTH o (t) . TloaToMy IoKaweM CHadala CBOHCT-
BO 4.

c S@n

S

ra, ; £ <
Osl:{;f{ Lf"l'zf C(a,@lx,-ﬁl)f

£, )= o £ =
w(t +t,) ojhujc,&z_ WF Co.64)

< sup './If(x«/;ﬁh,_)—fi(xdzz)ll .)+.S‘u/> 1 Heshyj-fee) ¢

O <h; ¢t Cla,6-h,-h, Och et C (o, b-h4,)
s sup A, £1 +Sup KA £ =w, )+, ).
od‘f;{ hy Clag-h,) oqﬁfz h, c(a,é-4,) (t) vt )

Wz cySapmatueHoctd w(t) caemyer, uro mpu €, = t

wlts ) —wlt) « w(t, -t ).

[losTomMy mpy JmGHX ‘ti , 1’:2

Kak M3BECTHO, (QyHKIMs, HEMpEpHBHAA HA OTpe3ke, SBISETCA DAaBHOMEDHO
HePepHBHOR HA HEM. DTO B TOUHOCTY 03HAYAET, 4YTO AJA JWGOH feC(Q,G)

wlfit) — 0, 4 —=+0.

OTcoia M M3 HepaBeHCTBa (4) cJelyeT HENPEepHBHOCTD w(t) Ip# BCEX t
(cBoMCcTBO 3). ’

HepaBeHCTBA CBOMCTB 5 U 6 JIETKO CJEIYWT U3 Ccy6alIUTUBHOCTU U
(ons csoficTBa 6). lanee, Ipu

HEYOHBaEAA (U + >0

-9 -

7 b-ay. (€-a .\ yre) < o €22 |
w (€ a)»—w(f-_%_t?)s(_fl11)w(t)\2 —w(t),

TO €CThb

W) > W)
2 (4-a)
w(€-a)

- HepaBeHCTBO CBGHCTBa 8 C KOHCTAHTOX €= m
HyJs IJs HEeIOoCTOSHHON

HakoHel, ecJu .f € C‘(a,g), TO [0 GOpMYyJie KOHEUHHX NpYpaleHui
s x € § x4+ A

[, 8)] < 14 (1) 1R < Ilf’llc(a’{}_ .

BadATHEe BEpXHEW I'paHu o Re fo)ﬂ IaeT HEpaBeHCTBO CBOHCTBa 9.
3ameyasue. CBORCTBA 1-4 INOJHOCTHH XAPAKTEPU3YHT MOLYJb Helpe-

PBBHOCTXA. MMeHHO, QYHKIHSA -f: fo,Tl-'R+,yﬂosﬂeTBoprcmaﬂ CBOWCTBAM
1-4, ABJASETCA MOAYJEM HEelpephBHOCTH HEKOTODPOM HENMpPephBHOW (QYHKINMH,
a mMerHO cavodl cebs, To ecTb w(ft)=£(¢) (noxawmure!). B cBA3M C
9TUM JOOYD QYHKIMD (J . YIOOBJETBOpAWLYD CBOHCTBaM 1-4, KODOTKO
TAKEEe HA3HBAKNT MOAYJIEM HeNpepnBHOCTH. 00paTumM 0coCoe BHUM3HNE Ha
IPOBEPKY CYOAINNATHBHOCTH. 4YacTo CHBaeT MOJIe3HEM TaKOd IPH3HAK cy6-
aJIMTUBHOCTY QYHKIMH 7{ s ecm £ - Bor‘HyTaﬁ,f(okO, TO f cy6-
aNmTVBES. JefiCTBUTENBbHO, U3 OTHX YCJOBUA CJesyeT, 41 #(x$)> «f(s)
mu 0<«<d | wm

£(s)

s

OTJAYHOR QT

£(«s)

a3

s)
B CBA3U C 3TUM £ /5 ybuBaeT, M TOATOMY DU el 20

4-{;-;- =____£1 _jé_ + <
f(1 t,) T %(Jcﬁfz)*' n %(%1 t)<

2 ) 1+tz
<t 1)L 108 g ftt),
1 2

OpuMep. DYHKIMA f(x)?ln‘ e e[0,1]1 , 0<x<¢{ sBasercs,
KaK HeTpyIHO [OKA3aTh, MOJYJEeM HeNpepHBHOCTH. [103TOMY w(E;E)=1"

OTMETHM, UYTO MOIYJb HENpPEepHBHOCTH 4acTO GHBaeT BOTHYTON (YHK-
e, oJHAaKQ 9TO He Bcerms Tak (oM. InpuMep 3). OkaspBaeTcd, HTO
CYllecTBYeT BOTEYTasi GyHkmAA o (), Takas, uTO




,.10_
WEP £ Ge) e 2wlt)

w () - Tax HASHBAEMAS HAWMeHblas BOTHYTas Maxopanta W (t),
(cM. [9]).

Mofy/u HEempepsBHOCTH NEPBOTO IOPSZKA JexaT B OCHOBe ONpele/IeHusd
Ba¥HEX OYHKIMOHAJBHHX KJACCOB, BCTDEUabUMXCs B arau3e. ME 0CTaHO-
sUMes Ha KJaccax Jummana u Juuy-Jummia (R. Lipschitz, U. Dini).¥c-
JIOBYe JIMMUMIA paccMaTpUBaNOCh BIEpBHE B 1864 Toly B Ka4eCTBE JOCTa-
TOYHOT'O YCJIOBHUA I/ CXOIMMOCTH DAfa @ypbe QYHKIVK £

Ompenesesne. Kaacce QyHKIMA Jummdna ¥ IuHU-JINOALE HA OTDE3KE
[a,8] ectb cooTReTCTBEHHO

Lipai={fe Cla,t)
DL :={2eC@f)

w(f;t) cct™ ], >0,
Wity ent =0, t—=+0]J.

HeTpynHO NOK33aTh, 4YTO MpU of >1 L LP ol COJEPHUT JHIb
KOHGTaHTH. KpoMe Toro, m « > B Lipt cLip p g B 4acT-
HOCTH, LiPiCLiPd,d<1 . B cuay cBOHCTBa 9 MOIYyJeil HEempepHBHOCTH
C'a,®) c LiP i . KpoMe TOro, TpH BCEX o >0 LL‘P"L c DL
3TO CBSI38HO C TeM, 4YTO

lim 128t =0 >, >0 .
+ 10
Takum ofpasoM, mpu O <P <ol < {

¢t ¢ Lipi ¢ Lipa C LLbe ¢ DL .

UMENT MEeCTO BKJIOHUEHHHA

Bce 3TU BKJKNYEHHS ABJAKTCH CTPOTUMA.
Hay6oJiee BaXHBM SBJASETCH KJI4CC QYHKIWA LLPi . [lo ompeneneHun,
¥ € LEP I (mm f YIOBJETBOPAET YCJOBHI JIMmuMua), ecju

(f(x) -f(y) ] <« cix-4i | Qsx,y< . (5

B Kypcax 1o Teopud QYHKIMKA JOKA3HBAKWT TSODEMYy: OYHKLUA f YIOBJAET-
BOPSET yCJOBUK (5) TOorZa M TOJIBKO TOTZE, Korja f a0CONNTHO HEelpe-
pHBHA ¥ mouTH Beby Ha (@,6] mpomssommas £ ' yIoBJETBOpAET HEpa-
sercrey [{(®)[¢ ¢ , rme C -koHCTaHTa M3 (5). JIOKA3aTEJbCTBO 3TO-
IO yTBEpEICHAS HUMEeTCsH, HampuMep, B MoHorpapuu [9].

YTo6H YCTAHOBUTL NPHHANJEXHOCTb HaHHOH (QYHKIMK TOMY WU
MHOMY KJaccy JMMuuia, JOCTATOYHO MOJYYUTH NOAXOZAAWYL CLUEHKY MORYJHA

_11_

HETIPEPHBHOCTH w(;’,- ol T
. Ll ’ :
Mouvep. Nycts f(@):=XSin g mm 0<x<l | f(o):=0
QyHKIUS £ HENDEHBHA Ha [0,1] , mpuuem {£ IMGOEpeHUEpYEMa TDH
Mi>0 . HO f’(O) He cyumecTByeT (mouemy?). I[IoKaxeMm, HYTO eLi/J—af.

MycTb X >VA >0 . Tak Kak

/ o sl ! =i
7(x) = Sthom = > ST

RIS 1*%. llo GopMyJle KOHEUHHX HpMpalleHu#i (TeopeMe O Cpel-
weM) 114 §é [x, z+h]

[ flarh) <) = 10 1h < (1+£) R s (“v%)ﬁ =
kT < 2 VT
pom O<x <VE , ucnomssyem omemxy [£(t)] <+
H{(x+h) - 4(x)) & | flx+h)] + 1 f(x)] < 2z+h <3k
Urak, mpn Bcex O<h <l , O <x <{-4
1 4(x+h) - £0c1 | ¢ 3VE .
910 ozmauaer, uro (F; t)¢3VE n féltlbzf- 3aMeTUM, 4TO fﬁﬁflof
(ons Jobod KOHCTaHTH C >0 HEpPaBeHCTRO // (X BHIIOJIHEHO Ha
MHOXECTRE TIOJORUTEJBHON MEpH) .
3ajaud W ynpaxHeHus K §1.
1. NoxasaTb, uTo Hopue T, u A; Kak onepaTopoB U3 C(Q,g) B

C(a 8-#)pasiii cOOTBETCTBEHHO 1 U 2.
2. BHUMCJNTL MOLYJM HelpepuBHOCTH OYHKIMMA:

(a) f(x) = e"
m fl) = 1=-L1
e {=) i

3. BHYMCJMTb MOLYJY HElpepeBHOCTH (QYHKIME, rpadukd KOTOPHX JaHH
Ha puc. 3-6.

a_sxég

7

e N

J

xT

i

,Osxel




9.
PaccMoTpeTh Iad Oe X < 4

_12_

4 i

2

‘\ i
o1 2 o L 2
Puc. 3 Puc. 4

! f

3 2

f.

-1

o 1 2 3 4 \7’ b2
Puc. 5. Puc. 6.

[l0Ka3aTh, 4TO ecaud QYHKIUA -f ofnazaeT cBOWCTBamMu 1-4, TO

w(£;t) = £(t).

Nokesats, ato { € Lipd & !f(a;)—f(;}]sc{x—a{!%

[lokasaTe, 4TO LLP o = Cf?, mpn oL >4 .

. THouemy LLF&CL@P mH oL >p 7

MoxazaTb, 4T0 QYHKIMM W3 NPUMEpOB 2,3 NPUHALJEXAT KJaccy
Lipl.

[lokaszaTh, 4YTO BKJNYEHHE LZPi c DL ABJAETCSH CTPOTHMM.
DYHKLMIO ﬁ(x) =x% , o<«

_13_

§2. MomysM HenmpepHBHOCTH MOpsfAKa K

B sToM maparpage MH DACCMOTPUM DA3HOCTHHE XapAKTEpPUCTHHM QYHK-
LA Gosiee BHCOKOI'O NOPALKa, UYeM TNepBHl; 5TH XapPaKTepHCTUKY HasHBa—-
WTCA MOAYJSMM HEIPEepHBHOCTH MopdAlka K , K& N | wwm (8 cay4ae

k7 ) MOZLYJsIMU TJIQJKOCTU QYHKIMA.

[IycTe A;L=’L',L— S OIlepaTop B3ATHA KOHEYHOM pPA3HOCTY C Warom

., BBeleHHbM B §1. HamomHuM, YTO Ind JeACTBATENbHOR QYHKIMU f

Dpf(x) = flx+h)-f(x) . Imm ke N  monomum
x K K
A= () =(7,-T)", (1)

WM, 4YTO TO ¥e camoe ,

K k-1 o
A= A (B5Y) A% = L

dopMyna (1) 3azaeT onepaTop B3ATHA K -fA pasHOCTH C MAroMm i .
MpuMeHss QopMyJy IJii OMEOMA K CTENEHH Pas3HOCTH OIepaTOpoB TA—J

¥ NOIb3YACH TeM, YTO AJsI OIepaTopa COBUra (Th )J = ‘L'J;,_ IoJiyyaem
3KBUBAJIEHTHOE OIpeJiesIeHne:

__K k—: j -
ATL =) 1) JC; Ldlh"

Z

Jate; QHpGHEHGHHm,
o, #(x) "‘(,-?J‘”““ CLfl=4h).

HampuMep, Ai f(‘x): ;E(xr.?ﬂ) -~ Ef’[auﬁ) +f(3c)

TakuM 06pasoM, AN QYHKIMEA )€
“

HATaK, 3Ha-
YEHWE A;,,f(x) eCTL JWEEHHAA KOMOMHALMS 3HAYCHUR 8 (k +1)-i
TOYKe BHUIA x+Ji 14 =0s---,K | BCE 3TW TOYKH, €CTECTBEHHO, NOJKHH
NpUHALNERATE 0GAACTH OMpEIeseHus 15 . 3aMeTHM, YTO wWAr A B (1)-

=(3) Mo¥eT OHTb M OTpHUATEJBHEM. EciM OUpelefieHa Ha oTpeske
[a,] 10 AL{ xex oyaxmma & ompenenena mpu A#0  Ha MeHblieM
oTpeske, a mverHo Ha [@, 8-kh]) mpu A>0 wwm [@-kh, 8] mou k<o
Hy&HO GpaTs [A]< ‘.K_'a_ Kak NpaBuno, M GyIEM DACCMATDMBATL CJyuall

O<h< _g_‘%g .




= 14 —
CeoiicTBa K -X pa3HocTei

1. Mycte 0% fs @?—9 . Torzma AZ - JMHENHBI ONMEpATOp M3 C[a,g)
g Cla, 8-kh) ; mpu srom
K Hal)
VAL Vot gy~ e, bonh) = 2

JOKaXUTe CaMOCTOSITEJIBHO 10 AHAJOTUM CO CJAyYaeM = 1%
k+j K J

2. AT = By DR

CnenyeT U3 onpenefeHus 1o dopmyne (1)

K
3. A;,, SHHYJMpYeT MEOTOWIeHH cTemenn € K-1
IeficTBYTENBHO, ecl P€ S, . TO AhP € %-L :

Ay (ex™) = cf(xeh)™ —x™ (B,

Teneps OTMeYeHHOE CBOWCTBO IIOJIyYaeTCs HHIYKIMEHd 13 (2).

4. Ecm {6 Cl,8) « pi BCex O<h < (i;?@ i xe[a,g*&]
AZ{(IFO, o fe P,

[~
JoKkasaTeJpcTBO. 1A lf ECO @,5) C HOCHUTEeJIeM E (G [a’éj
IpY LOCTATOYHO MaJbX

0= JE wix) Ay A(x) dz :{i{ =)0y v dx

K 4
(3aMeHa IepeMeHHHX). Pasze/mM 5TO paBEHCTBO Ha ﬁ U IepedlieM K

mpezeny mpu R~ 0 . Torza
<
A (xch =
i ATt
h-0 A

o2
( cM. Huke (6)). losTomy and Bcex ¢ € Co («.€)

4
j ftf(”dae= 0.

3T0 03HAaYyaeT, 4YTo K -d 00oOumeHHad IMPOU3BOJHAA 7{ paBHa HyJo.
flosToMy fe@,c_i . Ina k=1 3T0 pe3ynbTAT M3BECTHOR JeMMH In6ya-
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PerimoHa (P. Du Bois Reymond, 1879).
5. Ecmum 36 obnanaer K - i CyMMIpYeMoil IDOU3BOLHOW, TO

K . (
o, f(x)- S - S £ (v v v u) duy du, @
0 0

JoKa3aTelbCTBO OCYUECTBISETCS WHIYKIWeA no K . [ipn k=1
UMeEH: ak .
Ak.f(:t) 3 f(x+h)~f(oc)= J £(#)dt = S {/(auul) du,.
x 0

Ec/mi aHaJOr paBeHCTBA (4) CIpaBeAB IJs (K -1)-n pasHoCTd, TO

9TO DABEHCTBO BepHO ¥ IJg K -¥ DPa3HOCTH.
kh

A=Ay (8546) =8, () 1 Ve o it )=
0 0
h k

i

o 0

(1)
(JC+‘!£L+“.*‘7‘K,L) dui dkl{—i =

Ahf

h h

= S J :‘E(K)(I-Pul-i-...*uk)AuL-‘-duK-
¢}

(2]

B mOcJefHEM Nepexolie KCMoJb3YeTes WHTEerpaibHoe TOXASCTBO AMA
QL f:K -1)
! K
8. Ecom ‘TFE C (Q,@J) , o e CE[a, €-ich] HafizeTcs
roska je€[ax,x+kch ] Takas, uTo

AL A=) =R U )

MosTomy  / AE f(x) | < ﬁK//fm//C@é)
i & K
;f(k)(:n) = Lim A, £=)/ A" . (6}
h—0 :
PaBeHCTBO (5) mMoJyd4aeTcs M3 (4) mocje K —KPaTHOTO MDUMEHEHHs




|\‘ SRIBRE-

| TeOpeMH O CpelHEeM.
7. UMeeT MecTO TO}KHECTBO

,Lg 7{(3&) Z Z A}t (11+L B vs k) (1)

=0 (= 0

| (VHOYKIMA 1IC K ).
llycTb Temepb ‘f € C(Q,e) , K€ N'
OmpeneneHre. MoIyJeM HENpPepHBHOCTU QYHKUMHA f nopsanKka K Ha-

auBaeTcs gyHKIMS o (£it) = W, (#) aprywenta telo, 4-27, ompe-
JefseMas PaBeHCTBOM ©
W, (£;t):= su J/RAN li
| < (F5) veh bt i f C(a,b-ck)
|
Yacto momarapt (1) = Wi ( €k“') npu t > € %)
“_ |
Opumeps. 1. IlycThb {(:c) Xx%0 . Torma K i
B COOTBETCTBHM ¢ (5) i(x)—K/‘ﬁK i HoaTomy W fit) = k!t

e™, agxse

2. Lns QYHKLUM {(x) =

| Ay f(x) = (et _1)ce*
l nostomy mpn + € [ O, g “]
\
ca‘c(f)'%)-- su/o Sep (eh-i)/(v
e Okt acxel-ch
=ef sup (1-eh) o gb (f-eF)"

oth %4
‘:

| CBOMCTBA MOAYNeEd HENpEpHBHOCTH NMOpAAKA K .
1. w, (0)=(0).

. wK(f) ge y6mBaeT mo t .

| 5. wy(4)

HempepuBHA Mo t .

4 Ecm helN , nt ¢ é—‘;—a'

. TO W), (hf)énkw,( (t).

- 17 =¥
, 10w, (At) s(]d)lcg),c(‘f).
2 25 (w (4,) +w (t2)).

5. Ecim }LER
6. w, (f,+t;)

7. w,(fHt)=0 mp# Beex ﬁe[o Q]<—> 1R

s 1w telo,® P 3TOM C#O , eciu

fgR
9. Ecmn f’eC @f) 0w, (Hit) £ +5 /,fw//c(a’“.

10. w, (<fepg;t) ¢ i (f5t) +/F;wK(9;fc),o(,faeE.
Il we (£5t) , L €R

a] w (t) % et

11, W («xf;t)=
< 9% 12l
) <2 7ec’(a,e)

HekoTOpHe Ipyrve CBOWCTBE MOAyJell HEIPEPHBHOCTH oTMedapnTca B §3.

0CTAHOBMMCS KODOTKO Ha OKA3aTe/bCTBAX CBOACTS 1-12 (aKKypaTHOE
060CHOBaHNE NPENOCTABNAETCA YATATEND). IlepBHE IBa CBOMCTBa OYEBUIHH.
TpeThe CROKCTBO YCT4HABJBAETCS C HOMOWBN ONEHKM

2 o, (4t

wK(fe)'wK(ii) 'SJ(K)wi(fz'tz): {z)/fl ) (8)
CBROMCTBO 4 JerKo IoJyvyaeTcss U3 TOXIecTBa (7); u3

Teneps CJeLyeT CBOACTBO 5.
, Torja

1 CBOMCTB (o (t).
MOHOTOHHOCTH (g (t)
VeTaHOBHM CBOHCTBO 6. [IyCThb t, >

W, (ty+4;) € W, (24,) & 25w, ($2)< 2] (wK(f)+wx<tz;)
Nl19 [0Ka3aTeNbCTBA BakHOW SKBUBAJEHTHOCTH CBOHCTBA 7 HYXHO

HCTIOJIb30BATE CROMCTBA 3-4 K —X DasHOCTed.
Janee, ecm te(0, é‘?‘-@-], T0

: - - 8- <
we ( 822 ) = we —;zﬁf)s(zf*i) w, () ¢
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9TO JaeT OLeHKY &) . (£)> ¢t ¢ KoHCTaHTOM

e ke 8 £ a
2% (_Z(e-a)) Wil )

(cBofcTBO 8).
OneHKa CBOMCTBA § cpasy M0JIyYaeTCs U3 HEDABEHCTBA

1oy f(x)l < R* /lf("’llc(a’g)

HakoHel, cBOWCTBa 10-12 cielyRT U3 OmpeleseHus G2
3aMeTHM, uTo mpu JmGoM duxcuposamHoM t € (O, 67;_5'] BeJMUMHA

Il = we (i), fe Cla,b),

3aJ26eT, KaK TI'OBOPSAT, HOPMY Ha (aKTOPIpPOCTPAHCTRBE C/@_J. Mocnen-
Hee B TOYHOCTH O3HAYaE€T, YTOC BHIOJHEHH CJeIylliie YCJOBUA:

i 1#’% > 0
«fl, =t tfl, , LeR.

I{{-glf < g, + I?{19

[IoNOGHEM YCJIOBUAM YLOBJETBOPSAET K Be/MYMHA HAWIYYIEro (JOKAJbHOIrO)
TPUGJUREHNS C TTOMONBbY MHOTOYJIEHOB CTeNeHn < K- 1

ez-i({)a‘“f //,f-p//cm),
Fe k-1
Q - TIPOM3BOJIBHEM EMKCHpOBaHHbM OTPE30K, QC[D-,g] . Kax MH no-
KakeM B §4, mm t= # Q=[2,6] 51y HOpMH SKBUBAJEHTHH.
Monynu HempephHBHOCTY I[IOpAIKa K JEXaT B OCHOBe ONpeleleHHd

MHOTUX BaXHHX QYHKIMOHAJBHBEX KJACCOB, K3yYaeMbX B TEOpHUM QYHKIUHA,
(QYHKIMOHANBHOM aHaJM3e U UX TPUJIOKEeHUSX; M He OymeM KacaTbes 35TOi
OOWMPHOR TEMATHUKHU.

l]el‘&::O = ‘f;e@k:d.

£

w

3ajays M ynpaxHeHua k §2

1. Jlora3aThb MEPBOE CBOMCTBO K —X pPa3HOCTEH.
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Y
2. JlokasaTts TO}ELIBCTBO Z:(") C o UCNOJb3ysA CBOACTBA

K -X pasHocTefl. 4=°

3. Hoka3aTb ToxZecTBO (7) ANA K -X pPas3HOCTEdl.

xelR.

xe[-1,1].

f{x) = Scn 2 :

f(x) /JL/
o= 4

4. Haiitn W, (£;t) ana
5. Bawncuts W, (#;t) s
6. YCTAHOBUTL HEPABEHCTRO (8)
7. JloOKa3aTb CBOHCTBO 4 K- X MOIyJed.
A L7 7 \ i oL
8. Hyers Lip ‘o = {fe Cla,8): w (Ft)< Cf}. lokasaTh, 4TO
) ) .
Lnf dCLL{JP pu o('bfﬁ)
L'le o(rga_t mu oL > K .

§3. COOTHOWEHHS MeXNy MOZLYJNSAMM HENpPEepLBHOCTH
pPasiIMyHOI'0 NOpAnKAa H BUIA

KaK CBsi3aHB MexZy Co00f MOLYMM HENpepHBHOCTH OIHOM M TOW He
OYHKIMH # P&3JMYHEX TOpSAK0B? [IpocToe HEepaBeHCTBO OIEHMBAET
"CTapumit" MoayJb HerprIBHOCTI/I qepes " MJIQ [ "

L1Bepuzentie 1. NyoTe K > . fe C(a,4). Toraa
c\)k({jfjé2 ij-(f;i)‘ <t< é;a, (1)

Jokas3arTenbcTBo. U3 CBOI/ICTB& 2 K -X pasgocTeir (cM. §2) crenyer,
yTo mu QA <x<b-«xA (# <

[oy £(x)] =1 A[‘f A/{ £(x)]=

T e
i=0 b/

6-a
w0 )

Aif(xﬂ'ﬂ)/ <




— 20 =
k= :
: i J . .
ST <G, e e
t=0 l} d
3llech MCHOJB3YeTCs TO, 4YTo AMs ¢ = O, .-, K"J‘

a < x<b-kh 2 <y =€k
UTak,

K < J
WO M gony € 2770 08 20

C(a,b-jk)
4YTO J4eT OLeHKy (1).

HepaBeHcTBO (1) 03HAYEET, B YACTHOCTY, YTO MOAYJM HEIPEpPHBHOCTH
2, 3 U T.I. NOPAIKOB OLIEHWBAWTCHA CBEDPXY 4epe3 MOLYJb HelIpePHBHOCTH
[IEPBOTO MOPALKA.

Oueska "Maajuwero" MoAyJs HENPEpPHBHOCTYU 4Yepes "CTapumi" BHIUISAUT
(M [OJIy4YaeTcsd) CYWECTBEHHO cjaoxHee. CIpaBeljmBa cJjelywiias Teopema,
LokazaHHas B 1927 ronmy Mapuwo (A.Marchaud).

Teopema 1.Ins fe Cla,t) keN ¢ J'=i,~-- y K

HEP&BEHCTRO
J k+i(f uJ (2)
uJ+i .

3Iech AK - MOCTOAHHAA, 3aBuUcCAllaA TOJBKO 0T K

MH [puBelieM 3IeCh JOKA3aTeJbCTBO HEpaBeHCTBa Mapumo (2) AJd
cayyas j=/<=i ; B ofmeM cJiydae MCHNOJB3YRTCA 6oJiee CJIOKHHE pas-—
HOCTHHE TOXIECTBE ( CM.,HampuMep, [9]1).

[l[pexne 3cero 3aMeTuM, YTO

uMeeT MeCTO

w({i)\A {:(g )J
-Qa

A;A. Lx) = O flx) + &, f(x+t).
“ggj u /LG[O,%Z'J.
[loaToMy
[y £(x) -2, ()] = A, flx+k) - A/: £(=)[ =

:/Aif(x)/ < W) Cfik).
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lIMeeM OILIEHKY

f Az {(x)] < Et /A;,L [z +Z'- w, (£ k)

ATy OIIEHKY MOXHO IPONOJIAUTH, €CJU y4ecThb, UTO

/A;L £(x)] < 5 /A,;/l 7{(3:)/ +Z’_wa(f).2ﬁ)>

Taxum 00pa3oM, AJsg Ji60oT0 HATYpaJbHOTO .~

m-1 A
/ { / ) +_l w?_(f;‘z{)
[ o, #(=)] < /Az,%/(x)/ 5 Z s M o

L=

m+dl
[lepBoe cJsiaraeMmoe OLIEHUM BEJUYUHON 2 1/ 7? ¥ Cla,f): YTOOH OLEHUTb
BTOpOE cJaraemoe, BOCHOJb3yeMcs pe3yJbTaToM 3aZawy 3 §3, B CHIY Ko-
Toporo OT CYMMH MOXHO nepenm K HHTerpajny. IedCTBUTENBHO,

il

%
E w"-(f? B A £ 2 _Ci),%_(_i‘j_(—, =
-2?‘.20 . S u* & J

=0

"™h
et g,
u?—

gQ m £ﬁ
——<.?.fu a1 TO

UTak, ecju m BHOpaTb Tak, YTO

1 - " uj(rﬂlcl
!Akf( )/_—-—«-//f/:(e 24 j

9T0 HEPaBEHCTBO COXPAHUTCS TaKke IpH Bcex & G[EZJ, ] . Jis
atoro HyxHo Ha [-€,-a ] paccmotpers dymkmm £(-x) . HepameHCTBEO
(2) mna j=k=1{ u ts %‘_”’ cJelyeT U3 IOJYYeHHORA Bhile onem{n LTI
/8] flx)l . Ocranoch [OKA3aThb HEDABEHCTBO MpH ‘g—&- >t ¢ . Uz ms-
TOro CBOACTBA MOAYJiS HENpPEepHBHOCTA CJELYeT, 4T

wi(fit) e2w, (f £),

MO3TOMYy BCE CBOAMTCA K CJydan, KOTODHA MH yke paccMOTpesii. TakuMm
06pasoM, HepaBeHcTBO Mapuwo (2) AJd (/'=/<=1 IOJIHOCTBK HOK&3aHO.
Jlpyroe IoKazaTe/bCTBO HepaBeHCTBa Mapmo B ofueM ciydyae npenJa-
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raerTcd B §6.
Hax6oJsiee TPOCTO HEPABEHCTBO Mapiic BHIJIAIAT AJH fé C(O.Z)A
CuuTasi, 4TO w,{(/;f)=wk(f;,%) mpu > . GalMlieM HEPaBeHCTBO

(2) B BUIE 1
iy [ w,,, (fu
(it At w2 (3)
PR LT

OTMETHM 3IECh OJHO CJEICTBUE HepaBeHcTsa (3), Ha OCHOBE KOTOPOT'O
MH TTI0JIy UM WCTIONbAYEMH B §4 KpUTEDUH MpeIKOMIAKTHOCTH MOAMHOKECTE
Clo 1) !
vreepxieane 2. IycTb KE N ./4 — TIOIMHOXECTBO C(O,I), s
goTOporo S« /f i =M < o= . Torga Isa YCJIOBUA
fe J/E f Clo,1)

wi(ﬁ;f)r=7f5“£ w (fit) — 0 (4)
- €

w, (£;t):= ;e“g w (f;4) — O (5)
(t=+0) 3KBHBANEHTHH.

loka3aTeabCTBe. ficHo, uTo U3 (4) cJyedyerT (5) B cusy HEpaBeHCT-
Ba wx(f;fjsz""wl(f;f) , O0<t < 7}— (cM. yTBepkneHue 1). [IyCTh
Tenepb HMeeT MecTO (5). MpuMeHsss HEPaBEHCTBO (3) 1ad /‘:i K QyHK-

TAAM 7(’ e A | moayuwM p
w, CA; 1)
wi(ﬂ;f)éAk_if(M** '—T"/“)‘ (6)
4

llpaBad 4acTb TOCJEIHETO COOTHOUEHHS CTPeMATCS K HYJIO TIpH t—+0.
JeficTeuTeNbHO, ecit €>0 - TMPOU3BOJBHO, TO 1Jd NOCTATOUYHO MAJOro

d=4(¢) u Ocu<d Oyger w, (A u) <€ Cantas £<d,
uMeeM:
{ (A u) Lo w, (A;u)
w, (£, ) L&, .
fj___a_i—-——c/a_ﬁ(J+_J)——-———-——ul du <
t ¢t 4

__23_
d {
4 da < ; ALL_ _1___1_
\5%8—‘; + 2 Mtg’—l—éf(t 6)+
t $
+ K -1— - < 2K
2qu(€S 1) £+t
flosToMy 1
. wl (O )
Lim JLS = —— du = &.
{—=+0 wt

it

B cuny TMpOU3BOJIBHOCTHU & oTcpza cjeiyeT, 4TC NOCJIEIHUN TMpeleld
paBeH HyJmo. Torga B cudy (6)

bie wy (A;4)=0,
+ —=+0

yro U TpefoBanochb IOKa3aThb.

PesyibTaT YTBEPRIEHWS 2 CIpaBelymB ¥ LJF GYHKLVE #3 C&Zg) .

T10IMHOKECTBO Acl @,£) HasuRaeTCS NPEAKOMNAKTHBM, ECJIA ero
sMbkanie A  KOMIAKTHO B C(a,@ ). TocnenHee 3KBUBANGHTHO TOMY,
YTo NPOV3BOJIbEAS OECKOHEUHas MOC/eACBaTe bHOCTE 3JIEMEHTOB A nve-
8T mpelebHYD TOUKY, BO3MOXHO, HE MPHHALJISKAUYD A (uHade: 1A% JK-
§oft TIOCheNOBATEBHOCTH QYHKUMA ﬁe;@ CYymecTBYeT MOANOc/enoBaTe/ b
HOGTb /fn[  cxonsmasics paBHOMepHO Ha L2, 6] & mexoTopo#t féc(d,g)).
Kex M3BECTHO, KpUTepwd NpelKOMIAKTHOCTH MOAMHOXECTBA A nmaertca cre-
gypueii TeopeMod Apuerna (C. Arzels, 1893; cum., HampuMep, [101,
oTp. 110). TPelIKOMIIAKTHO B C(a,g) ToTIa ¥ TOJBKO TOrAa, KOTIa
PABHOMEDHO OTPaHU4eHO (TO ECTh Jgﬁ ”)[”c('a,g}“ o= ) 1 PaBHOCTENEHHO
HempepsBHO. [loc/efHee YCJIOBUE B TEPMAHAX MOLYJI HEelpepHBHOCTU NEP-
BOr0 MOpAIKa OSHAU&ET, HTO

line  Sap iy (£;¢) = 0.
t—0 fet
Eom A DABHOMEPHO OTDAHUYEHO, TO ero paBHOCTENeHHad HEempepsBs™
OOTh XADAKTEDUAYETCS aHAJOTVUHEM YCJOBUEM INA K - TO MOIYIA Hempe-
PHBHOCTV, CM. YTBEpKIeHue 2 ( TaM [a,6]=1[0,1] ). Takum oGpasoM,
onpeBelJMBO Caelynlee o6ofueHre TeopeMb ApLeJa.
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TeopeMa 2. [ToIMHOXECTBO Jl& [pelKOMIAKTHO B C[a,g) Torja © TOJbBRO
Torpa, KeTle QIEOBPEMEHHO BEIIOJMHEHEl YCJAOBUA -

(@Y=

b

Sup //f//C(a ‘)
fe # ’
Cim Sep loerit) = Q.

Lt —-+0 -féﬁ

OIHO U3 TpUAOKEHNI STOI'O KpuTepud Tpe IKOMIIAKTHOCTH MEl OTMETMM B
cienyomeM naparpage.

06paTiM BHUMAHMAE Ha IPYTyH BO3MOXHOCTE A onpereserild MO Ly el
HENpPePHEHOCTH yHKIHE f e ({a,B). Onepaiup gagTHd BepxHell rpadi 10
£ B ompeleleHuy Wt ) MOWHO 33MEHWUTD UETEeIPUPOBaHIEM (To4-
Hee ycpeIHeHWeM) IO - TaK BOSHUKAET clieLyoLH |HTerpajbHbi MO=
AyNMb HenpephBHOCTH DYHHKLIAR fe C(a,(;’ ) mopamka K€

2. Il HEeKOTOpPOT? K E N

{
J (4it):= (35 1O f Hc(a)é/du

te [o0, ‘%‘E]

QuesugHO, IpPH BCEX

T g )=

Su /ZA;{// gl
5/\’_—[3,(_ 0(&, : }

e}
_ osup 1Ay Flo s w )
oé(yf{— 4 C(Q; F"(J}
QraspBaeTcd, crnpaBelvBo 1 npomsomno{mﬁoe HepaBeHCTBO: CylecTBYeT
He sapucdmas 0T {e C(a,ﬁ) I fE[O, i@ KOHCTAHTa f(lc) TaKas,
YTO :

w,e (f5t) €y T otk (8)

HepaBeHCTRC (8) BMecTe C oIeHKAMA LU KOHCTaHTH J(k) MOXHO TTO—
JYSMTh, WACTOMb3Yi HEKOTOpoe pasHOCTHOE TORISCTBO. TloKa3aTenbeTsE0
ABNRETes TEXHUYECKM X 3lech He IPUBOIUTCA.

5 sagoueRie naparpaga OTMETUM, 4YTO NpuBeJEHHbHe B HEM YTBEepk-
LA TEpEHocATCr Ha chryyan HYHKLMOHAJIBHHEK IpOCTPAHCTB. QTJIAYHBIK
w (@ 4], n ua Gy va YHKIMA MEOTHX TIEpEMEHHBIX -
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3ajayd M ynpaxHeHus K §3

1. [oxaszaTb, YTO ZMA
; Py (f; «w)
W, (F2 ) e2c 2 A‘S wer F Y gu
K+ :f K+l
2 U
o JlokasaTbh HEpPaBeHCTBO Mapuo [J4 <;'=i< yrgasadue. BOCTOJb30~
BABWLICH CBORCTBOM 7 §2 InA PAsHOCTEH, nokazarTh, 9TO
K .
& = . & ¢ ﬂ ‘
Dy (%) ‘ZJO Croulge (= 56 )
y - : K K, K by ] v
SaTeM OLEHUTL BEJMUMHY [ Dy f(x) -2 0, £(x) | uepes (k+1) -1

MOJLYJIb HETPEPHBHOCTY.

3. IycTb 5(K) - pauMeHblas KOHCTaHTa, C goTOpO#A (8) BHIIOJHA™
#pest ond BCeX fGC(O/i) i {G[O,,—g/] . TlokasaTb, 4TO J(KJ-'Q"
i < — o= - ;

4. 14 féC(O,U Oy YUTh GOJIE/Q cnafoe, dem (8),

W, (f5t) < c(x) j w, (f;th )R
0

HepaBeHCTBO

WeHoMb20BaTh CBOACTBA wn(f;i) ( B YACTHOCTH, a),c(Zf')iZ:w,g (£) ).

§4. TeopeMa YWTHHU. KOHCTAaHTH YUTHH

MyeTe QYHKINA f oupejiesera 4 HenpepsBHA HA 0Tpe3Ke I:=]0, 1].
[0 g uMeeT OrpaHUYEHHYD TpOM3BOAHYE nopsAIKa K TO OJd ee
@IJI0POBCKOT0 MHOTOHIEHS /DKA,G BHITOJHEHO

/f(‘JC)~/DK_4(x)/5;iI— Sup /f(“/

juis Boex X€ ]  Amajor aToro CBOHCTBE AJS QyHKIMA, He VMEnlMX Tpo-
WAROIHEK, YCTaHABJUBAET sgMeyaTe/]bHas TeopeMa AMEpUKAHCKOTO MaTe~
watuka Xacciepa YUTHU ( H.Whitney, 1907-1989 ). X.YUTHE oCTaBUN Ap—
WM caen B pane PassMiHBX o6acTell MaTeMaThki. Tecpewa. 0 KoTopo#
NoNneT pedb, ony6JHMKOBaHa B 1957 TOLY, CM. [54]; oHa cTaja KJaaccu—
WeCKAM pEe3YNbTATOM Teopid TIpU O JIEKEHISA OYHKIUIWHA.
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Teopewa 1. i JOGOTO HATYPANBHOTO K CYWECTBYET MOJOKA-
rembroe oo Wx  Taxce, uro ecm £€ C(I), o Haizerca wexo-
Topsi MEOTOWIEH P =Py  cremenn < K-1i . A KOTOPOTO MPH
scex X €& [ 6ymer BHMOJHEHO

il wpeRul & Ve L YO RS

i
(1) B3ATa 1O MHOKECTBY BCEX nelo.z1]

BepxHfif IPaHb B NPaBOil 4acTH ¥
U ¢l TaKuX, UTO #4/(&6I ,TO €CThb 56[0,"”! :
HauMeHbllEE YUACJIO WK yHOBHeTBOpﬂIOU.[ee YCJIOBMID TeOpeMb[, Ha3h~—

saeTcs K -# KOHCTAHTOH YWUTHM. Bompoc O 3SHAHEHHAX Vﬁr obcyxnaeT-
cfi B XOHIe maparpaga.

K HacTOseMy BPEMEHH W3BECTHH Da3/MvHbe NOoKa3aTel/boTEa Teope-
Me 1, HCIOJB3yBUMe, HaNpUMep, DerysprH3alyo WM MHTEPIoNAI -
OHHENE MHOTOUNEHH. Mel TPMBENEM KOPOTKOe [0Ka3aTeNbCTBO TEODEME yur-
4{, MCHOJb3YWIEe KPUTEPUA MPeIKOMIAKTHOCTH MOIMHOXSCTB CLI k.
GOpMyJIIPYEMEIl B TEpMUHAX K -T'0 MOZYJ#A HenpepsBHOCTH. URes MUCTICJb-
30BaHMST COOGDAKEHU KOMIAKTHOCTY B JAOKA33TE/bCTBE TeopeMH YUTEA U
psila ee aHAJOIOB NPUHALJIERUT 0. A. BpyIHOMY.

[lpeBapuTesbHO Nepe@opMyJIpyeM TeopeMy 1 B TEpPMMHAX HAWJY4lero
mpubJmkerns. [10JI0KUM

Hily

c(D ;ego

e, (7):= e(fs R f-3leay

k

Kak n3BECTHO, e,c(f )  HazpBaeTcsl BEJMYHHOA HaWIy4Wero npubIMKeHN

(U KOPOTKO HaWJyH4UMM PUGIMKEHUEM) f ¢ oMokl JFx B MET-

pUEE TIPOCTPAHCTBA C([) oM. [2) mo moBony CBOMCTB. HalOMHEM, HTO
| IJisl TIDOU3BOJIBHOA fe C(f) " K:O,i,.“ cymecTByeT eIHC TBEHHBH ]

I ‘ MHOT'OUYJIEH HaHNyudlero NpHGJHMKXeHns (M.H.1L.) /0*‘(: TO €CTb TakKoH,
|

4To
ll //f-/)*//((l) eIc(‘lt’)'

JTOT MHOTOWIEH XapaKkTepuayeTcs TeopeMOH YeGpmeBa 00 ajibTEpHaHCe.
* -
llpaKTiYeckoe HaxoxgeHne L 10 3AN3HHOK f’ OCYNECTBIAETCA C

[oMoublo aiAropuTMa Pemesa U ero MoIMbMKALNEA, MO0LPOCHO paBOGEaHHbIX
| 5 [4]. C BHYAC/UTEJBHOA TOYKY 3peHUs 3alava HaXOXACHHH /J SBJIAET
\ ¢S BecbMa. TPYLOEMKOH.

_2’7_

YTBEp#IEHHe TEOpeMsl YHTHYM B TepMUHAX HAWIYHWEro NPUGIMKEHUS
ek_,(f) W MOLYJA HEIpEepsBHOCTH W (f;+) BHIJAIAT TaK: 7
CYWEeCTBYST KOHCTaETa W)  Taxad, HTO JJs BCEX fé C(I)

! e  (f) = W, w.(f) (2)

3nech X Hajee C\),C(/FGJK(/);(L) - MaKCUMAJBHOE 3HAJYeHWe MOLYJS Her-
POPHBEOCTH (2Ty BeJWYUHY TaKke HA3HBALT KOJeOaHHeM NOpAAKA K
oz £ ).

OTMETHM CHa4aJa, 4YTO HEPaBEHCTBO, MPOTKUBOIOJIOXHOE (2), YCTaHaB-
NYBAETCA NOCTATOYHO MpOCTO. JHEHCTBUTENBHO, IYCThb ,D)6 - M.H.II. U3

K
k-4 A4 f . Tak kKar A,L/o*=0 IpU Boexﬁ N0
= - A¥) < 0F _x _nK

W ()= (f-p*) « 20U F Pl =278 (f) (3

Ans oo fe C(I), Coen/HeHHHE BMecTe, HEepaBeHCTEa (2) H (3) 03-

Havapr, yro Bemunss €, () u o) (f) dKBUBANEHTHH C KOHCTAHTaMA,
He sapucsmamy 0T f :

e (£) = w 4). (4)
3arﬂ({0b A = B a4 A:A (t) " 6 :B(f) 3Jechb U JaJjiee 03HAYaeT,
470 ¢ Hezapucaumam ot t  mocTosmEEME C,, Cp

c, Alt) = B(¢) < ¢ Al).

JKBUBAJNIEHTHOCTY THUMA (4) I[03BOJANT NEPEXCAUTH B PA3MMHUHHX
Q00THOWEHUAX OT MOZLYJEl HENPEPHBEOCTY K HAMJIYYUMM TpYC/IAKEHUM
(MM, WMpe, OT DA3HOCTHHX K ANNPOKCHMALMOHHBM XapaKTepuCTUKAM)
OYHKLUMK, ¥ Hao60poT. ITOT [JOZOTBOPHHM MOAXOH SABJAETCA OIHAM U3
OCHOBHBX METOJCB COBPEMEHHOR TeOpur IPUOMUKEHHA QYHKIMA.

TlepeiiieM ¥ IOKa3aTeJbCTBY TeOpeMH YUTHM B fopMe HepaBeHCTBa
(). [pemmososuM, UYTO He CYWECTBYeT He 3&BUCHUWER 0T f KOHCT8HTH

Wi . c xoTopoit (2) BHIOJHEHo LI BCex fe C(I). Torza cyuecr-
Byer mocsenosatemsrocts (£, § € C(I) taxas, uro

ek-f(#h_) > (A)K(fh-)
flyete pPn - M.H.O. A fn w3 %-; . TonoKIM Wy i = £ -p

. TS
“'“""‘”C(n' .
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Torja Mo CBOACTBEM HAMIYUIMX NPUOIMKEHUH X MOAYJEN HENPEPHBHOCTH
_Ce () L

“ f‘n - Pu. H
LU,( n N ' § o
Ifn = pu €.y Fun)
[lycTb JlZ’=‘[[lanf [lokaxeM, 4YTO # IPEIKOMIAKTHO B C ( I()_ 5 M
COIEDRUT TIOCJAEA0BATEbHOCTh, CXOJAWYICS K OJIEMEHTY U3 C([) . I/ch
[I0JIb3yEeM KPUTEpUd IpPeAKOMIAaKTHOCTH MOIMHOXECTB C(I J , TI0JIyYEeHHBI

B §3, CM. TeopeMy 2 Ha cTp. 24. LA MPAMEHEeHHs 3TOTO KPUTEepus Hpo-
BEPUM, UTO

Sup U)K(%,L;TE)’——’O t =26 (7)
n

Myets €70 . Bubepem A/=Mf) Tax, urobu Gwiio .

Swp C‘)K(Y’n) < &
>N

3TO BOBMOXHO B cuyy (6). Tak Kak uk(ﬁﬁ)f' O mpu £ -0 L9 KaxIoh

£eC(I) 1o m
max W, (¥,;t) — 0, t—=0

1« nhepMN
*
flosTOMy CymecTBYeT { . Takoe, 4TO

a&;(7$¢; thyw &

mox
tencehN
] *, 1
Torga mpu £ < min (t7; ©)
neN :
ATO ® 03HaA4YaeT, 4YTO BHIIOJHAETCH (7).
Tak Kaxk

sup Iyl =1,
n

o A MpeJKOMIAKTHO B C(-I) . IlycTs - MpeneJcHas TOUKa .)4 :
f,t.-'}" (B C(I) ). Ilepexold B COOTHOWEHHAX (5), (6) K npegeny
HpI‘/I ( = oo , TOJYYaEM, YTO A 3TOf HENpepHBRHOA GYHKIUY f 0n-

HOBPEMEHHO

- 29 -

e (¥)=1 | w.(¥)=o0.

BTopoe ¥3 paBeHCTB 03HAyaeT, UTO )be@,(_i (cBomcTBO 7 §2). 3T0 mpo-
TUBOPEYNAT [EPBOMY DABEHCTBY. [I0JIyYeHHOE MPOTHBOpPEYMe AOKA3HBAET
TeopeMy.

3aMeyanue. B cJaydae K = (MpuOJikeHVie KOHCTAHTAMU) 3KBUBA-
JIGHTHOCTL (4) coBIalaeT ¢ DPaBEHCTBOM

€0 (#) = £ w, ()

HATaTeN NpelaraeTcd YyOeIUTbCSH B TOM, YTO OHO HMEET SCHBII T'eOMeT-
PUYECKNA CMHCA. I8 K=2 (NMpUG/MXEHNe JUHEHHMMY OYHXIMSMA) TOY-
Hoe Ha knacce C(I) EepaBeHCTBO YWTHM uMeeT BUI

e, (f) < £« (f) (8)

[lokakeM, Kak (8) MOKHO JETKO NOJIYMUTE C IHMOMOUWBW Teopemsl YelHleBa
00 anbTeprance. lycTh PX)=eX+f - wH.I. A ,f Torma cy-
WeCcTBYeT aslbTepHAaHC pPA3HOCTH f—P . COCTOAWMA U3 TPeX TOYeK X, ,
X, , %, €[0, 1] . Hamomumm, uTo X, ofnaZanT CBOKCTBaMU:

1 =plog, = €)= 1(f-p)(x),
(f-p)x,)= ~(f-pilx]) = (£-p)(x5).

BHSepem us X, , X, , X3 1se touxn ¢, ¢7

t+2£e[0,1] . Torma
By, F(E)= 82 (2-pUET) = (£-pI(E'+28) - 2 (4 -p)(4 "sh) +
+(F-p)(t) = (F-p)(#"+2R) =3 (£-p)(¢'+ 4 )=
= (f-p)(4'+2h ) 232, ().

. uroon £ £=t%A,

Tax kax /(£-p)(t%2R)< 1f- pi, ) e, (f)

18 £(+0] =1 (F-p)(d'+28) £ Be Py ]2 2e,(F).

/
., TO s aTMX 7 u A

Eoswm A <0 . TO TOYKH, 0 KOTOpHM OepeTcsl BTCpPasd Da3HOCTb, HYXHO
B3ATL B 00paTHOM TopAiKe. MO#HO CUMTATb [OITOMY, 4YTO A >0 . Torna
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nocJejHee HepPaBeHCTBQ ['apaHTupyeT (8).

KoHCcTaHTa —2’- B HEpaBeHCTBE (8) He MOXeT OHTb yMEeHblieHa (CM.
ynp. 1 B KOHILe Iaparpada).

Ins IpunokeHVd BaXHEM ABASETCA BOMNPOC O TOYHOM 3HAYEHUH WM XO-
poIMX OLEHKaX XOHCTaHT YUTHU W, , ke N . Takue oueHxY 3aBHCAT OT
crocoba IOKa3aTeJsbCTBa TeopeMs 1. B cBoeil paboTe [54] X.YUTHU UC-
I0JIb30B&JT MHOT'OYJIeHE, WHTEDPIOJUPYDIE f Ha DaBHOMEDHO# CeTKe; UM
ORI TI0JyYEeHH OLEHKU WK 17 HeGoMpUUX K :

1
W,‘;W?_:'z ) -g-é\l\/;‘z'

1 {5 TR

z<W,s32625 ; 42 W 2404,
[lepBHE OLEHKHU WK npu4 Bcex K OHM moJiy4eHs 0. A. BpynueM. Jlyduwad
13 ONyOJMKOBEHHBX K 1983 roly OIEHOK uMena Bun Wi < (K+f) '
KoHcTaHTaM YUATHU T0CBAWEH UUKJ padoT B. CeHloBa U ODYIUX MaTeMaTh-
kOB COMTEpCKON WKOJH [0 TeOpuM QYHKIWA - NOCAEIOBATeJbHHE OLEHKH Wi
B BUme O(K fnf() (K. BaHOB, M.TaKeB), 0(/<) (II. bBuHeB) . BamHbm

war Brepex chediaH B. CeHOoBEM [52]1, HOKa3aBUMM OI'DAHMYEHHOCTH KOH-
CTAHT YWATHU YACJOM 6 ( CM. Takke MOHoTpaguw [15] ). 3aTem 3Ta Ir'pa-
HALQ [IOHU¥AJAcCh DPALOM aBTOPOB. B 1993 roay ©.B.KpskuH gokaszas [31],
4TO IJIE MHOTI'OYJIEHa /05 (| WHTEpPIOJMPYRIEeTro 7?6 C([) "B

cpenseM”, TO €CTb TaKOI'0, YTO
Yk
J (f(x) -p(x)) dx=0 , i=1,. kK, (9)
0

BHIICJIHEHO

1 £ (=) 2 w (L), xel

03Ha4aeT, 4YTO

W, < 2

- p(x)f
3T0, B .YACTHOCTH,
keN | (10)
- Hauydlas OLSHKA KOHCTEHT YUTHU Ha HACTOSINWA MOMEHT. 3aMeTmM, 4To
B 1982 romy B.CeHIOB ONYyOJMKOBAJ TUIOTE3Yy O TOM, YTO PQ; <{ . Bom-
poC 0 TOYHOM 3HAYEHUU VVk cam X.YATHA CUUT&J OYeHb TPYIHEM.
OTmMeTuM B 3TOM Naparpade ONHO #3 TUPUMEHEHUN Teopemb YUTHU -

onerky Bemrumes mpubimerns £ € C(I) ¢ noMowpk Tak EasbHBASMBIX

[IPOEKIMOHHEX 0NepaTopoB Ha MPOCTPAHCTBA MHOT'OYJIEHOB.
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JIMHeRHb HENpPEepHBHLN OIIEPaTop e & C(I ) i
OKLVOHEBM ONEPATOPOM HA i (MM KODPOTKO HPOEKTOPOM), ESCJH /D; =
AN BCex ; €7k . BawHEI DpUMEp TPOEKTOPOB JalT WHTEpIOJALNOHHHE
ONeparopH (UX OUEHKM JaHH B §6). Ecan - NIPOEKTOp Ha& Jx , TO
AN QUKCHDPOBAHHOM MHOTOUJIEH P = YacTO UCIHOJB3YOT Kak
Npub/mkani 06beKT. IJa [IpUJICKEHU Ba}KHO, YTQ B OTJaW4YMEe OT olepa-
TOpa METPUYECKOU MPOeKIMH /f = ,D CONOCTaBJABWET0 QYHKLIUK
fé C(I) eemum us ra oIepaTop SBJFETCS JIMHEWHEM U
00bYHO TIPOCTO DBaJIM3YEMEM. ECTECTBEHHO, TNPYU 3aMeHe /D" Ha /Df MH,
Booble roBepsd, MDOUIPHBAEM B TOUHOCTH NpUOIMEeHHs. TeM He MeHee, ec-
w P:C(1)~ % - moextop, 10 11 fe C(I) cnpasepmuso mBOMHOE He-
PABEHCTBO '

e.(t) < h{-PlY

Ha3bBaeTCcsd IMpo-

C(I)é(i+//p//)e"(1£)' (11)
fpaBoe HepaseHCTEC B (11) HA3HBAETCS HepaBeHCTBOM Jle6era. 3zieck /Pf
- HopMa KaK omepaTopa U3 CU) B C(]). fIcEo, 4TO IJs JwGoro
Apoextopa # Piz1 IIPOSKTOP P ¢ tPfl=1 oynem rassmats HauIyy-
BHM. HepaBeHCTBO JieGera HeETPYIHO JOKa3aThb HEIOCPEJCTBEHHO M3 Olpe-
JeJIeHus [IPOeKTopa.

I OLIeHKH CK(#’) B IIpaBo#l 4aCcTH (11) MH MCXEM MPUMEEUTHL Hepa-
BeHCTBa (2), (10) sToro maparpaga. 3TO IAeT BO3MOKHOCTb OIIEHUTH TOUY-
HOCTb TPUOMMkEHHA QYHKLIUK 75’ C IIOMOLUBD /Df qyepes a)K(/):

M =Pllpoyy < 2(1+1PD w0 f) iz

OTMETHM, YTO C TOMOUBK 3aMeHH IepeMeHHHX De3yJbTaTH 3TOrO. fa-
parpada nepeHocsTcH Ha wm{f (e, C TeM: ke MOCTOSHHHMA; B
aToR cutyaimn (We(f)=w,. —) ¥ T.I. KpoMe TOro, aHANOr Teope-
Mb 1 crpasenms ¥ ans yuxwm £€C(R) wm fe Glole=l; coor
BETCTBYDIME KOHCTAHTH YATHU M{:* i W: YIOBJETBOPANT HEPABEHCT-
BaM

N

e * r
Vvk < Vvk_ M/K ’

( CK[ /2]

%éwt*é_
)

-k _ e |
K v/;gs

{

)

X
vvk
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3ajaun ¥ ynpakHeHWs K §4

4
1. TloxazaTh, 4YTO KOHCTaHTAa 3 B HEDaBEHCTBE (8) He MoxeT OHTb

yMeHElWeHa. [l1f 3TOr0 PAcCMOTPETE: HMpy & — O [0CTEeJ0BaTEeJbHOCTE
DYHKIUA
i'—§ S i O<«x<ce
2 o )T
i-x | £ e X1,

2. [lpoBepuTb, 9TO U3 CIPABe/MMBOCTM Teopems 1 ana orpesxa [0,1]
ciiefyeT ee cUpaBeimMBOCTb WA otpeska |4, 6]  u coorsercrBynmMe
KoECTaHTH Wi coBmaanT.

3. Mokasatb, uro I PN>1{ g m6oro mpoexropa P
Ha mHefisoe mozmpoctpancteo X < C(a,

4. JloxasaTh HepaBeHCTBO JlefGera (oM. (i1)).

5. JloKasaTb, YTO CYWECTBYET eIMHCTBEHHHI MHOTOWEH P € @k-l
VHTEPIOJUDYOUUA DYHKIVD "B Cpe;[HeM", 1, TakuMm o@p@soM, paBeH—
CTBO (9) 3alaeT NPOEKTOp 23 C(I)»%_, ( nonaraem R t=p .

2 R

ol
6. [loKasaTb, 4To [[P’" =

§5. KycOYHO-IIOJMHOMMAJIbHAA M cnyadH-annpoKcuMaiys QyHKUHA

TeopeMa VUTHA yTBEPKIAET, YTO CKOPOCTH NPAGIMKEHUS HENDepHBHON
DYHKIUY MHOPOYJIGHaMY 38BUCUT 0T ee MOZYJA HENpepeBHOCTH:

e,_, ({) sca)x(f,-ék—"‘—‘)

C(a,t) (@ €)

CymecTBYET MHOI'O QYEKLMHA, XOTODHE XOPOWO NPUOJMKANTCS MHOTOHJIe-
HaMmyl, Hanpumep QyHKIMY Oe3 ocoOeHHocTed. Eciy HYKHO YMEHBUUTL II0-
TPelHOCTh AlNpPOKCUMAIMK, TO (IpU 3alaHHOM OTpe3Ke [a,@]) LOGUTECA
3TOT'0 MOXHO YBEJMYEHWEM CTEIeHW MHOTO4JEeHa K O0OHAKO B HEKOTO-
PHX CJayyasx NpuC/mkeHre MHOTOYJeHaMu _Q@p’r HeoQPEeKTUBHO . Klaccudec—
KUM TIpHMepoM sBaseTes dyekums £@)=V/x/ . koTopas ILI0XO MpHGMIHA-
eTCsl MHOT'O4YIeHAMA Ha OTpesKe [-1,1]. TeM He MeHee, B3dB LOCTETOYHO
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O0bWYR CTeNeHb aNNpOKCHMALMOHHOI0 MHOTOUNEHE ( K > 20 ) ¥ HCIOOJb-
\Yfl pazsiokeHue 10 MHOTO4YNeHaMm YeOHHEBa ANH YMEHbUEHUS BHYUCHATENb—
WOR MOrpemHocTH ( CM., Hampumep, [8] ), M B 3TOM CJIVUAE MOKHO oy -
'WTL HENJOXOW pe3ynbTaT. Bosee yOGeluTeJbHHI IpuMep - ciydafl, Korna

"' CKJIeeHA" U3 KYCKOB MHOTOUWIEHOB. CaMhll pa3yMHBI Crocol Ipubim- -
KOHWUSA COCTOUT B cJedywlieM: pa3fuTbh 0TPE30K [a,¢] ua O0TPe3Kl MeHb-
O} OJHE (B COOTBETCTBUM C Y3JaMd CKJEHMKM) M HA KAKIOM M3 HUX pu-
OAUBUTD ,? MHOTO4JIeHOM. TakuM o0pascM, HHOTIA ,P yIoOHO mpubim-
KWTh He MHOTO'WIEHOM, a (QYHKIUEeH, COCTAaBJEHHOW W3 "KYCKOR" MHOIQYjE-
OB, EciM 3TH KYCKU CHJSEHH N0CTATOYHO I'VIAJKC, TO QYHKIMS HASHBAET-
¥ CNJIaHHOM.

lleperineM K CTPOrUM MAaTEMATUYECKUM ONpeleJeHU M K bopMyMpoOBKaM

BAYJIETATOB O CKOPOCTA KYCOUHO-TOJIMHOMMANLHOR ANNDOKCHMAIINY.

Pa3aobeeM 0TpezoK [Q“ Toukamt X, ( ¢=0,..., 1. Ha A 4ac-
il: A =X,<Xy<,, <X,=< 0003HAYMM [OJY4YeHHOR pazbueHne
Wpes L . Bynem micats 7T, B Tom cayuae, Korme oTpesck [, 8]
(4BOUT HA /L paBHHX 4YACTEl.

OnpeliesieHye. 92 (7?) €CTb MPOCTPAHCTBO KYCOYHO-II0NMMHOMUAJbHHX
(OYHRLUMA cTeleHN € K ., TOIYMHEHHHX pa3GuEun T , TO eCTb Takrux
DYHELIUR , KOTOpHE Ha Ka¥I0M UHTepBaJe [CCL' ,xid) COBMALAnT C
IOKOTOPHM MHOTQUYJIEHOM 13 %

Haunyuuee mpubmrgenue i€ C ITIOMOIBK 3JIEMEHTOB IIPOCTPaHCTBA 9,2(75)
OnpefesaeTCs paBeHCTBOM

616(?’7[’): (hf //-)?'?”
Je % Cle,é)
gaMeuanne. DyHKUUA 7{—9/ ABJIAETCS KYCOUHO-HeNpepsBHOM, M03-
[OMYy 117 BUMCJeHus ee HOpme B mpocrpaHctBe ((@,f) Hywmo Bhge-

IMTE oTpearu [T;,X;.,) U HANTY HAWGOMBUYO M3 BEJMYMH 1f ' /,C(be' Il«))~
iHa4e rosops, LKy

e, (£;%) = Mé(@

jé

4
o~

max if —3//

C (Ii , 'r‘:r.{) ]

")

Boony Huge nas f - A—=R 6yneM CUMTaTh, YTO

/f{//cm ' //fllc(/z)
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Teopema 1. Ius s000# HeNpepHBHOA Ha 107@] QyHKLIAY -ﬁ 1 J6oro
pasfuennd L UMeeT MecTO HEepaBeHCTEO

(f;2)<co (FInl)

2[eCL Yepes || o603HaveHa IAvVHA HauboJblLErc MHTepRaja B paszlbue-
5
HUU o

JoKa3aTeNHCTRO.

AyeT, 4To

Wz MOHOTOHHOCTY MOZLYJ HENPEPHBHOCTA Cpa3y cJe-
W (£, 1%1) = m@a:<ﬂn(¥;/lﬂ), (1)
(&

r'ne yepes l* =[x; l;,l] 0603Ha4YeHH OTPE3KU, U3 KOTODHX COCTOMT pasd-
2 s e S R
uenne AL [I;/=%;,-¥; . Kpome TOrO,

-y (£;7)

mzz:c ex (f)C('I-)

cTerneny He Gonee K -1

JleACTBUTRNABHO, A JROCI0 MHOTOYIEHA g;
BHIIOJHASTCS HEPABEHCTBC
( < hf-2.1,
ex-1 (Fleer Ce(ry

A YyYUTHBad 3aMedaHue,

< if "(7”6(@,6)

IS KYCOYHO-TIOMMHOMUABHON QYHKIKA 92_,(7:) . Tak Kag mocJel
Hee HepaBeHCTBO BHIOJHAETCH A4 JOOOH QYHKINA 565621,(1), T0

. 1 P

ma % exi(f, £

; - C(1;) k-t %)

TUBOTIOJIOKHOE HEpABEHCTBO CJENyeT U3 CIpeieJieHyd e(_,(ﬁill)
K Kak

MaKCHAMYM 1[I0 BCeM OTDE3KaM I' HOJIyYKM

3:—1(7f)c

BzsB

max
L

fipo
Ta

€p_y (£i %) <

I - 7 //c(.alg}

PRRIOHCHIN MOIYNS HENPepHRHOCTH (CM.

‘85‘

Wil oo J € 92,165). Ecin 2 COCTONT M3 MHOTOWIEHOB HaWJyHlero
(IMB/Henys, TO ecT

ﬂf«fﬂai)

1 (f )C('I;) B

e, ,(fim) &£ max e

L

K -1 (f7)Ci(I;)

WM 00pa3oM, DABEHCTBO (2) IOKA3aHO.
[BOCIONBb3YeMcs  TelleDb TEOpeMOl YUTHK (cM. §4), cCorJiacHe XOToDol

e g (f)c(z_) < CcwWe (1L et
WIBRIIHO, YTO

LL)K(if (jfj / I;l) Cj011(}

C(I |

WIRIORATEJIBHO,

< ; '
eKﬂi(ﬁJC(Il‘J < (#, /L‘/)C(a}g}
Bl MAKCYMYM [0 BCeM O0TpEe3KaM U yuuThBas paBeHcTBa (1) u (2), mo-
IFHIM YTBepRIeHe TeopeMH 1. TeopeMa J0OKAa3aHa.

i OTJHAe 0T TPUOJIMMEHHS MHOIQYJeHaMmy, 00paTHOe HepaBeHCTBC He-
MkBraasHo. 0. A BpyrmHEM B [25] [IOKA&38HO yTBEp®OEHUE 00 "QTOMHOM"
Takxe Oubimorpafuieckue saMe-
TOUALA )

leopeMa: 2. g an6op Afe (j@Q,gJ UMEeT MECTO COOTHOWEHUe
Cdt<f}t) = Sff);:g-eK 1(f)c(f) ) (3)

HIECE BEpXHSAS IPaHb B3ATa [0 BCEM pasCUeHHsM &

WPEZKOB [; , AMMHA KOTOPHX He MpeBocxomuT t .
Popmyna (3) uMeeT YUCTO TEODETHUYECKOe ?lujeHAm

SMHATD,

IR BUIE.
/

COCTOAUMM U2

OIHaKO €e MO¥HO
3aMEHNE TIPOM3BOJbHOE pasbueHyue £ Pa30UEHUAMU CIIELUAIb-
Ina @opMynMDﬂBFV COOTBETCTBYRUEr0 pe3yibTara 0003HAYUM
0TpezkH pazbuenus XL, , TO ecTb

Wjiss T, cIBUHYTHe HA é:;
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P~ Pini g i)™ Bt Pt 30
TaxuM 06pA30M KEKIOH TOUKE L, 4f COOTBETCTBYET CBOM MHOTOUIEH L, 1 -
JCKIOYeHre COCTABJANT TOURM A M M GyIyT COOTRETCTBOBATD
Te %e MHOTOWIEHH, 4TO ¥ COCEHMM C v Toukam. Iycts [ € . pa-
s06bem [; wHa K-1 paBHYD UBCTb U [0 MHOTOWIEHAM Pi u Pirt
HoCTpOMM CIIAH S TaK, Kak 3T0 Obl0 MDOAEJEHO BHIE. 3aMETUM,

4TO HA TepEOM X TOC/eIHEM OTpEesKe CIJaHH COBIANAeT C MHOT'OUJIEHOM.
Mosyauy CIUiaiE, TONIMHEHHHN Da3s0UueHuo V3 OcTaeTcs [0Ka3aTh, dTO
04 yIORJETBOpAET YCJOBHMD TEOpeMH. OUEHMM PACCTORHHE oT f ro S Ha
OTpe3Ke Ii [l0 HEepaBeHCTBY TPeyroJbEMKA

1 -shpgy ¢ Af - Pilleay* Ipmsleay
MpuMeHEM ¥ crmaiEy S - P;
Hs-p ”C(I;) £ ¢ pi~Pies ”C(”I;) '
3aMeTVM, YTO [0 OTIPSHEJEHMO MHOTOWNEHOB Py M Py f

//7€ '/Dl ”C(I[) € eK~i (7[}

HepaBeHCTBO (5), B CUTY KOT2pOro

C(In'-i/‘rit[) ’

06beINHEdd BCe 5TH OLEHKH, AMEEM

/‘7?'5//C(T;) < ef"i(’{)C('xd,zl-,L, +€K~i(’€}c{i_x;,2)'

[ - mepeeit WM TOCNEJHUE OTPE20K. TO

L
19 -shgqry = 1Py

EcJim

ATaxk,

”7‘?-5//0(@,6’} £ C iZ[eK‘i(;f + eH(f

) W
Clp ey )

}C {“‘T("I‘L}Z )] i
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e [ILWI,IM] 06pasynT pasfueHne 0TPEIKa [a,6] . mosToMy mo
MupeMe 1 s KYCOUHO-TIOJMHOMUABHEX QYHKIUE

L e, () £, 5 1)

¢ C(Il-}_ 1IL+1)

[x[ , IL*Z ]

Z:—’ e“‘ﬁd)c(rg.lifz) ¢

VB AGIMYH0 g OTPEe3KO0B

c W, (£ 1T1) .

TaKIM 006pazoM,
A Neen s ) 2 =@ 6 ()/Lj)
/])[ ,S/C(‘g) K f

WAGTe 3aMeTUTh, 4TO S € 5,(_,([), U TeopeMa 3 MOJIHOCTHO HOKA3aHE.
Cpegorede 2. Ias Jn0od QYHKLWMA 7-/6 C(a,g) BEPHO HEPABEHCTEO

i ; A 2
sK-f. ({37[[1_)5 C(A)[<<#)z) (6)
- ”.ll.‘rl JI0KA3aTeNbCTBa 3TOTO yTBEep¥IeHus IoCTaTO4HO 38MeTUThb, 4TO
= l’l(/\"l) , 1 BOCHOJB30BATbHCH CBOMCTBAMM MOIYJS HENPEeDHBHOCTH.
B 2aknnYeHrne 3Toro napar’paqﬁa ele pa3 AoKakeM HepaBEHCTBO Mapuo
M §3"~), UCHOJb3yA o606WeHHoe HEPaBeHCTBO YATHE LJs CIIAMHOB. 3TO

HEATEILCTBO TTOUTH 062 A3MEeHEeHud [IepeHOoCUTCS Ha cJlyyai TpocT-
IRIGTIE Lp,p>0, 1 MHOT'OMEPHYK CUTYAIUD.
Yigepxaerne. 1id J060H fe C(O,i) 1MeeT MEeCTO HepaBeHCTBO (/sk)
4

, 2i
(Y E J / O)K(J“
i t) c(k)t Uf”c(o,u o wisy 45).

s JA+1
t
JlogasatenscTso. CorJacHo (6) And Jo60H QYHKINK 7?& C(O,l)
JICTEYET TOCAeN0BATENbHOCTD CINANHOB gne 54: (Izn.) TaKad, dUTo
- . &C %
”7{0 g"’//C(O,l) c‘)l(-ri <}F;2 ) (7)

BiloMiasm TpaByo YacTh HepaseHcTBa (7) uepes CJ, . [peNCTABUM £
hoe psna '




S = 4f =

i 4, 'gz»l NPUHAJISHAT NPOCTPAHCTBY 5,( (fz;) M K HEMY MOKHO
(IMBINTE yTBepKIeHNEe JeMME. HMeeM:

M
f= (£-3,) +gor Z (g 000
: W) (i -§ett) & ONE2) 0, - Fithgpos)

uneno M 6yzeT BHOp2HO HO3JHEE. YUUTHBAT cBOZCTRO 10 MOIYNA HElpe-

DHBHOCTH, HUMEEM:
ldiss 13 (7) ¥ MOHOTOHHOCTY MOJYJA HEIpPepHBHOCTH CJELyeT HepaBeHCT-
w:(Lt)ew ({-9,;1t)+w (9,4 JZw- e « g - _ I < c- . ke iy Py
d F' i ](g,q)t) t/ ja. } -y d(;le'I' 1 (8) % 31 L C(D,[} (e (("JL"(")A—.{,) 23 C(K)w(
Wise, ain i=1,..,M nosyuaem ouerxy
OLeHUM Kaxjoe 43 TpeX cJaraeMeX B MpaBod 9acTd (8). Il OQUSHKM Mep- Iy ' =y
S0T0 CJIATAEMOTs WCHoJbayeM CBoicTBO 12 §2: (f 'fi—_{ b = T (i -2 w, (11)
(f-q tYyeod if-9, M., £ w, . M
CUd (f ézul t ) <2 ”}{ jﬂ ,C(D,i) C(K) @py BRI BROPATD M 13 YCJIOBUA 2 i—4 J To w3 (8), (9), (10),

il I0JIyYUM CGOTHOWEeHUe

: M
15 : 2 ) 3 o \
W (#:4) < (o)t (//#)/(C(b;l)+% 2iw;)

JUIA TOro, YTOOH OLEHWTDL CJENYLMe claraeMbe B (8), HaM IIOTpe-

yercd
Jlemma. Echd 565 (ﬂ— TO

(@)}

W TGS MepedTH 0T CYMMUDOBAHMA B IIpaBoyl 4acT (12) K MHTeIpupoBa-

o (;,f) (k] (fn) //?/’6(01) .
i, JIisi 8TOrC WCTMONBb3YeM HepaBeHCTBO (cM. 3azady 1 §3)
~eHL
[ns MOKA3aTeJbCTBA CM. 3aady 9. 3
Ec/¥l MpUMEHUTH JEMMY K MHOI'OHIEHY f‘, , TC TOJIyYATCS HEPaBeHCTBO Pl o). < () (:)fLi_E_{'—il— ds
L <
J Jri
(9,;t) ¢ )t g, . ‘ s
wd«(j“f) C(K golc’(o/j) 2—1
flpoLOJIKIM OLEHKY, BOCHOJIb3CBaBUMCH HEPaBEHCTBOM . .
HS@yMMupoRaB mo ¢, [OJYYUM:

//go//c(ol“ 2 ”£'5”//C(o,1) + /;;3//6(0’“

=1
ot
' 75 s € )
m‘/(f;%)ec(KJ f/(//)f(/ .,,J ...f_“—J—ﬁ" ds)_
KpoMe TOTO, Kak caemyeT u3 (7), : : Clo,i) S
2—M+L

AR £ C(K) A7
//’Z 30 z’rlc(o’” ( //f//c(o,f.)
in IWIlley MOWHO TIPONOMKUTL, YBENWTMB OTPESOK WHTETDMDOBAHHS, TaK KAk
: ‘ Wity pubopa M sumommsercs mepasesctso 20>+ Hepa-
7 . Hepa
W (ga; t) ¢ (k) t! /Hfﬁ(’(o,j_) . (10) MANGTEO Mapuo mokasao,

OLeHuM TpeThe ciaraemoe B (7). [Ipexne BCEro 3aMETHM, YTO NPOCT 3ajiayM W YMpaxHEHHs K §5

DAHCTBO SK (Tyi-+) prioNeHO B MPOCTPEHCTBO (T2 ) Tak Kak pa:s ) :
GUeHne I ABJAETCH  U3MENbUeHUEM UaQGMeHI/W Tpe-t . lHoaTomy I, lokasaTb, 4TO MHOKECTBO i L) aBnsieTcs JMHEHHEM TDOCTDAHCT-
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BOM, HaWTh ero 0as3uc U PasMepHOCTD.
2. I0Kaz3aTh CoOTHoWeHHe (4). HenosbaoBaTh TOT (aKT, YTO

eK(f)c(Z iy e (e v e Peer,y)s

i 12)
eCJiu
v g I :
/ [1I ‘ il > 7, 3 Jed L2 (13)

3. HapiTy 6a3WC U DPaA3MEPHOCTL MPOCTPAHCTBA \SK (Z
4. IlycTb cIlaiE Se \Sk_i (% 1) M BHIOJHERTCA CJelyrlye Ipa-

HUYHBEE YCJIOBUA:

S(J‘)(a): -2

sY'(€)=0 , JaEn o

JoKa3aTh, 4To S =0. j

5. JIOKAa3aTh, 9T0 SCJM HEDaBEHCTBO (4) BHIOJHAETCH 1A OTpesKa
[0,1], 10 ono eemommseTca aia JpGoro otpeska [

6. IoJb3ysich TPOLENYpPOR CKJEHKH, ONUUCAaHHON B TeopeMme 3, M0CT—
DOWTb [ApaGONMuecKull CIaiH S, , A QyHkmm f Ha OTpeske [oA].

@ )= W :
0 £(x) = '
(c) 7{(3() Scn /OJC

7. OUEHWTb KOHCTaHTy C B HepaBeHCTBe (5).
8. HamucaThb TpOTpaMMy BEUHMCJIEHHS MOIYJS HEIPEPHBHOCTU Ha 3BM 1o
gopMyJsie (4). CpaBHUTb C TOYHBMA 3SHAYCHUSIMHA. .

9. JlokaszaTb, 4YTC ecJi yC—SK('/Z,L) ., TO Ins BcexX {/éivi VMeeT
MECTO HEepaBeHCTEO '

(g:t)

[0

! J
C(K

() (fn) 191 ¢co,4)
VKazaHue. BOCIOMb30BaBUUCHL IEBATHM CBOWCTBOM MOLYJS HEINPEDHB-

HOCTH, TepeidTyu 0T QYHKIUH ? K QYHKIUU 3(/' . 3aTeM HCIOJB30BaTh
HepaBeHCTBO MapkoBa

(I 2k j. il
ﬁg //C(JC,',I‘RLJ % (36-*1~x¢' ) ?llc(xz Siag)

[

- 43 =
$6. OIHOMepHbEe HHTepPNOMNALUMOHHHE MPOEKTOP M WX OLIEHKH

Wirrepmonanust IpelcTaBideT co60f OJMH U3 NPOCTHX CHOCOG0B "BOC-
FalloBIeHus " HemaBecTHON QyHkumy { Ha HekoTopom MHokecTBe £ Mo
HUAGORY W3BECTHLIX 3HAYECHWA B OT/JSJIbHEX TOUKAX 3TOI'0 MHOXECTRA. boJiee
(04040, HeusBecTHas QYHKIMA { Npul/ukeeTcs HA £ C TOMOWBH WHTEpIO-
AR IR P : A3 HEKOTOPOIT'O KﬂaCCa__X. ) f) ClipeJeJfaeTcd YCJOBUAMA
Rl=) = /(JCJ) B yaiax <X, €L . EC/M B HEKOTODHX XL;  CTaBATCA
SOlCHnTebHBEe YCJIOBUS Ha paBEHCTBO [IDOM3BOJIHEX, TO TaKHe Y3JH Ha-
WINIOTCH KpaTHHMU. B KadecTBe X o6pum0 BHOVPEHNT COBOKYIHOCTE aret-
IANECKMX W TPUTOHOMETPMUECKUX MHOTOUNEHOR, DPAlMOHAJBHBX BYHHIUE

WIW CIJIAAHOR (IDOCTEe BapUaHTH - KYCOUHO-IIOCTOSIHHEE (DYHKUMAM WM
WETRPLIoJPpYoWYie jJoMaHbe). CoOTBeTCTBYRWME BONPOCH IOAPOGHO OMUCAHH
WMTEPaType, B TOM 4Mcye y4eGHOR ( cM., Eampumep, (4] - [8] ). B

M aparpade ME OCTAHOBMMCS Ha HEKOTODHX OLEHKAX IS MHTEpPIOJAI-
K ANredpalyeCKUX MHOTOUIEHOB W CMERHBIX BONPOCAX, KAK IPaBMJI0, He
ISIOKEHHEX B YYeOHUKAX.

LJWHCTBEHHOE pelieHre WETEPHOJSIAOKHON 32J89H

/~>(ro):f(xa):fo ,D('Jc,t)=7f(ar,‘):7£,L

Wt 1IDIAPHO pAa3JIMYHBKX y3J0B L
o . Lagr‘ange, LRSI s

/'aeg,-?l_

% JaeT u3BeCTHas QopMmyrna JlarpaHka

X -5
plx) = Z /i £ (1)/ gl‘(x)i‘: [l —4 (1)
(=0 g Xy X 5]
s B
L0101 /4' (%)  o6pasyeT clieluAiBHHE (3aBUCAWMA OT Y3J0B) Ga-
M8 & omn BHOpamn Tak, uTO
1 (=xk
f[(‘rk_) = él:f( C = .
O , (¥K

Bynem cumrate, uto Lo,.., X, € [(Q, €] u 75(: C(Q g)
tom oyuae qmvana (1) 3azaer HhTepHOJIHIMOHHbM TPOEKTOP
/ ((a €)— P ecm monosurs  Pllx)- =p@. nycts 4 P - nopwa
P oax oneoa’ropa n3 C[Q €) s Cla,8).
!_u_gpema Il £7-7 max ] | )| s
ey T ¢
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l0KA38TeNLCTRBO. [0JOKAM /\(\Ii):=—2/f"(x)i. Mycte x'e [a,6] rako-
Ba, 4TO }l{.t*)=ll-/”IC. PacCMOTPHM JIDOYR HENpEpHEHYR QVHKIMD P Ta-
Ky0, 9TO lf($;)=$£ﬁn (=), /Itf’//czl . Iis uHee

1Pyl = max | Pylols Pp(=) =L ptz ) (7) =
= Z & =13, 1P, .
310 ozmauaer, uro M Py I ”C' B To & BpeMs AJA JIo6oi fe Claé)

/ré;f//c < Ifi, oz 218Gl = 3k fu,

yT0 rapaHTHpyetr ouenxy AP IA ”C .
TeopeMa J0Ka3aHa.

ficro, uto f PJ saBucur ot pacmosomenua yanoB Z; . Tak kax 4 P4

HE MEHSeTCS OPU CABUIe ¥ DACTSKSHMM OTPEe3Ka, MOKHO CUMTaTh, HTO

[a,6]1=L0,11 yum [-1,1]. B coorTBeTcTBIM CO cKazaHHEM B §4
(CM. TaM HepaBeHCTBo (11)) BoamMkaer sazada musHmvuzamy § Pl za cuer
BHGOPA y3J0B. [poekTop P, COOTBETCTBYDIMA MAHUMAJLHOMY 3HAUEHUD
I PY mpu namaom A , HA3HBAETCA MUHMMAMNGHEM. OTMETHM, HYTO BOMPOC 06
ONTHMAJILHOM BHOODE Y3J0B IMOJHOCTBO HE DelleH.

HauGoJsiee eCTECTBEHHEM ABJASTCS DABHOMEPHHH BHOOD Y3J10B HHTEpIO-
JALMA x/' =Q+Jﬁ—,d'= O, h; A:=(€-a)/ A~  _[pn HeGOIBIMX A
Tako#l BHOOD BIOJHE HONMYCTHM; OTMETHM, YTO PABHOMEDHEE Y3JH [ODOXAAnT
MUHUMAJBEHE TMpoeKTops 2 #L=1 ,2 (ux HOpMH paBHH COOTBETCTBEHHO 1
1 1.25). OOHAKO C YBeJMYEHUEM /L MHOI'OYJIEH Pf’:a#’ MO¥EeT OKa-
3aThCA MOJHOCTBY HENPUAI'OHEM JUIA [PUOIKSHUS { mo Tom mpuumme, uto
IR £l weorpanuuento BospacraeT. UMEHHO, Ui DABHOMEPHO paclpele-
NEHHHX Y3JI0B MHTEPHOJSALUHA

; n/2

IR 1> const e’

B cesizn ¢ otum 4 PI= /M//C' ¥

(cM., HampuMep, [8]). ACUMITOTHKA 4 e// MOXeT OBTb yJydlieHa IIpd
WCIIONMBb30BAHUA B KAYECTBE Y3JI0B HHTEPHOJALUUN HyJed MHOoroudjeHa HelH-
wesa cremexn A +1
T.e. TOYEK BUJa

€T = ﬁﬂ_nf- é:.@—_co.g M i
2 g 2(n+t)/”’

, 8CCOLMMPCBAHHOTO ¢ oTpe3koM [a, €] ,

W

: O, n. (B

- 45 =

caten (i) loJy4anTes [IOCTPOCHHEM Ha OTpPEe3Ke [21,@;] [IOJIYOKPYRHOCTH
AroNneEM ee Ha A+ PaBHHX IYI' U [IPOEKTHPOBAHUEM CEPEIAUH Kaxnonm U3

AV 1 [a,g] - B 9TOM cayuae, kak mokasamo B [14],
4 n+i 9
K-1) T
ihae 4 G0z |
n+i kg 4(n+t) . €3
BApMYyJa (3) MOSBOAAET BHUMC/IUTbL HOPMY EL LNl NQHHOTO A ; HEKOTOpHe

BWMHENRNNSA DaHy B caenyouein Tabimie.

& | 0 1 2 3 4 18 19 20
i

)
1010 : t

1.414 1.667 1.848 1.989 ... 2.837 2.870 2.901

LM 00pasoM, MpM UCIOJb30BAHUM 4EOHEEBCKIX Y3JI0B B COOTBETCT-
WM & liepaBeHCTBOM Jlefera (cum. §4)

If -Ffl<(1+1R1)e@:D)<3elf;R), neé,
M -Bit<delf,R)

n < 70.

0 omMolbio fopMyJE (3) M0JIy4aeTCs aCUMITOTUYECKAS OLCHKA

e 1 =

2 4
= thn + Cous
g 3% 5 (4)

WIRsT IBJIAeTCA HAMIYYWen 110 IOpAnKy npu h-»e2 (2amich A:B
hes  BHAYAET, YTO A{g—*f )i

loncHnm mocyiengee QOpPMYJMPOBKOA TOYHOTO pPeayibTaTa. IS 3TOT0
WREUEM 13 DACCMOTPEHWE NOHATHE WHTEPIOJANUOHHOTO MACCHBA

npu

xo(i)
o
3) 1) 3)
(11 T, xf Miix
"
a:.o("-} - r[‘f—) 1‘!( )
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fl - CTpOKa OECKOHEUHOW BHU3 TpEYT'DJ'[EEJIOI?I MATPUIE X comep-
} 5 (]
¥UT A PAsUuHEX 4UCell I’,,('L,:(f”i oo o If([’i efa-,gj 0 HUM

CTPOUTCS WHTEPNOJALXOHHHN NPOEKTOP P‘,L : C(a,€ ) -—*g‘i,i . [Hocuyeno-
BaTeNbHOCTb MHOTOY/IEHOB p, = ef InA QUECHpOBaHHOH 3allaer,
XaK TOBODST, MHTEPIONAIMOHHEL} Npolece. OKas3mBaeTca (CM., HRINDPHMED,
{19)), uTo 1Ja JGoro WHTepIOJALMOHHOIO MaCCHUBa I ¢ HezaBucsAued
or & xkoucranToir C  BHIIOJHAETCH

2
eI >7-L;-€nn + C,

TaK YTO MHOPSLOK ACHUMITOTHKM (4) YMEHBIMTL HEJb3d.

T f (3 CMi(-Iif) TOYHOCTDL MHTEPHOJIALMYA C TOMOWBD @b IaeTcd
N3BSCTHOM OLIEHKOH
(kfl)l/
Wt -P2i < CAL) ywi (5)
L Lty (r+t)! cl1)

W)= (X-Le)(T-X) o (X~Tw)

Hopma //W/lc ABJAETCS MUHUMAJBHON, eclJi B KayecTBe yanoR TL¢
BHODATD KODHA MHODOUIeHa UYeOHIeBa I,y (R)=CoS[ (n+1)onceos ¢ ] (at0
PapaHTUPYETCS 3KCTPEMAJIbHHM CBOHCTBOM MHOTOUNEHOB UehueBa - Hau-
MEHBUMM YKJOHEHHeM OT HyJd, oM. [2]). CTapumil KO3(OUIMEHT 77“1 pa-
per 2™ . mosTOMy IMA HeSHUEBCKUX Y3JOB

2 i 0 i
TakuM 00padoM, JJisg y3JoB HYeluuiepa o, ..., Xy
/
if - P{I 1) ®)

-‘E R
C4,1)  pr(nst)! C(-4,1)

- Jyumasl oleHKa, INodydvawuasdcd U3 (5).

KopoTKO OCTaHOBMMCS Ha BOIPOCAEX O [PUHEIMINAJILHON OTPEHUYEHHOCTY
MOJMHOMMANEHO VHTepIIoJALKY IpM BO3pacTaHuu /1 Ecou f /:):f =
OCJEA0BATENBHOCTE MHOTOUISHOB HAMAYdWero NpubiuKeHud A1d ;feC[a,é’ ),
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g D

Jw & 5. . 7m0 1o Teopeme Befiepurpacca

*

I -pilly =0 , n—oo, (7)
{10 JOeT, EeCTECTBEHHO, P,L* (m)—a-f’(ac) Bo Beex Touxax *€ [, 6]
L0 Y3JIE MHTEPNONAIMY afalTHPOBaTE K -,57 W BHOMpATH Kak TOYKH
JOBNAAe NS f i P,-f TO OYHET, eCTEeCTBEHHO, ﬁ’;f=f>n* il
If -l fle = O . Yobuo, komesso, MCTIONb30BATE OMMH M TOT ®e HAGOD
YIIOR JiA BCEX B aToM caiydae HU DaBHOMEpHOH, HHU NIOTOYSYHOH
UXOIMMOCTH /%;F K rapaHTUPOBaTE HeJb3d. [IpuBejeM §e3 HoxKa3sa-
IonLcTRA clelyoliee yTBepkAeHUe, M3BECTHOE Kak TeopeMa ®abepa '
(g, aber, 1914).

leopema 2. s 06070 METEPIICJIANMOHHONO MACCHUBA N &
LS 426[’0,5) Takas, uTo Pnf HE CXONUTCSl PaBHOMEPHO K

LYNECTBYOT HENpepHBHEE (QYHKUMY, IJd KOTOPHX MHTEPUOJIANNOHHEI
NOReGG ¢ DaBHOMEDHEMU Y3JaMU He CXOIATCHA HU B OOHOW Toyke! Omnac-
HOETH, CBA3AHHHE C IIOJMHOMAAJELHOM MHTEpHNONAIMel, BIepBHE 3aMeTHJ
I I'yure (C.Runge, 1901).TIpy METeproyMpoBanmi OyHkmma £x)= (£ +25x%)
HIIMIOMOM - fp, G DEBHOMEPHBMY Y3JaMi BHACHHIOCH, 4YTO {Pn(lif pac-
solires pd Bcex L Takmx, uro O0.726..<lxi€ i ( (o $1=[-1,1]1).

llp MCIONBb30BaHNK y3n0B YeOwleBa paBHOMEPHAS (3KAUHUT, M MOTOYEY-
) CXOLUMOCTD P = f HMEeT MecTO I/ BCeX (QYHKUUA n3
panccA inHr - Junoyna (cM. Hue yop. 168). Takum o6pal3oM, HHTEPNoJslus
Ho MeOLIICBCKAM y3J1aM TapaHTUpyeT Jydlyl OUEHKY TOYHOCTHA AJS TJIARKHX
PyinciiMu (6), HauJIyuduyn aCAMITOTAYECKYO OIEHKY HODMH MPOoeKTopa (4) u
ey (faxe paBHOMEDHYN) CXOIUMOCTB DOCJIENOBATENbHOCTH HHTED-
AINTOB K Nt WIPOKOTO KJacca HEeHNPepHBHHX QyHKINR (nasa
[e DL ). Crenyer mommuth, ofHako, §TO IpH HeGOMbIAX A HOpMa
HPORICTOPOB 110 PABHOMEPHHM y3JaM HECKOJBKO MeHbIle.

lleGMOTPS Ha TO, YTO UHTEPHOJNAUMOHHAA (opma JlarpaH®a, OCHOBaHHASA
i WeloNb30BaHIM TOYeK YelHlleBa, SABJSETCA [IOYTH Haulydlle#l, oHa 06-
T M PSLOM HeLOCTATKOB. Huke ME PACCMOTDUM WHTEPIOJAIMOHHEE
Millowieds HeoToHa. Kak cuuTaeT K. e Bop (8], 3Ta fopma uMHTepmoJisa-
e "lpejicTaBafeT cobod HaAWIYUHmi KOMIIPOMUCC MeRay TIPOCTOTORA CTPYK-
LY M yROGCTBOM BHUMCJ/EHWH. KpoMe TOT'0, OHa I03BOJAET JETHO Olle-
Wl [IOMPEIHOCT MHTEPIOJALMY M Pean30BaTh KDATHYD VHTEPIOJALKD
HEA ([[MBJICYEHUA JOIOJHUTEJNLHEX CPeAcTB".

WraK, NycTb, Kak U paHee, (QYHKIWMSA 7( npub/mxaeTcA Ha E ¢

HajlZeTos
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o= 48 =
moMOlbo MHOTOUeHa P & gi ; P HaxomaTcs U3 YCJI0BUY ,0(-35/‘)=/(r/),' S TR QQL k
J;;é E?,J=(%.“, n . Ecum pasbile B KadyecTBe 0asuca NPOCTPAHCTEA PAETH MUHUMAJIBHEE UHTEPHOJALMOHHEE [IPOEKTOPE Ha ‘;2 " 9?.
92,_ ME BHOMpaJY MHOT'OWIEHE JlapaH#a, To Tellepb BHOepeM MHOTOUE- b yeTR men ; C(O,U_,@ ~ NIPOEKTOpP, NOCTPOEHHHH 10

iam X, X, € [0,1] . Hawtu f Pzl ® obcymiTh peaymbTar.

. . i, Harts HOpMy MpOEKTopa Ha [0 TOYKaM DABHOMEPHOTO pazbue-

Po@)=1 ; pr()=(T-Te)(X-X ). (X-Hirg), i=1,..,n. , Py TIP P g . P
Wifl, (BAM&THM, UTO COOTBETCTBYWUMI HPOEKTOD SBJASTCH MUHMMAJBHBM) .

0, HalTy npuOMKeHHO 1PI ¢ nomompn 3BM.

o lokasats, uto Pl we wensiercs mpu casure u pactsmenun (@8]

HBI /D; ., KOTOpHE 3aIaiTcs (QopMyJaMd

Torga pelleHve WHTeDNOJALMOHHOA 3aljaud JaeT fopmynia HepoToHa (I.New-

ton, OoMyBJMKOBAHO B 1736 I'.): P
i ( ) T .l GYyHKOUM PyHTe f(a:)r-(fdfxz) Ha orpeske [-{,1] mocrpo-
P(“) = "-0, 7‘0 Xo, oy X0 ) Py Y WU WHTEPIONATIMOHHEE MHOTOYJIEHE
T Lo UEOMIeBCKAM  y3J1aM;
3Iech f(l’o,.».,l‘;) - [ -9 pasieseHHAs PA3HOCTb, KOTOpYh yAoOHee L PABHOMEDHBIM y3J1aM.
BCET0 (yuWTHBAA BHUKCJEHWS ¢ TIOMOWbB 9BM) CUMTATH IO QOpMYJaM: CPABIMTE MAKCHMANBHEE TIOIPENHOCTH.
{(‘)(rol o 2 . [ocTpouTs UHTEPNONAIMOHHNA MHOTOYIEH /3 st OYHKUKMA ;’@CF&I
f[ét'o,... Xhis . ¥ it Lo =Xy = ... =%, . fé ¥ i yaseM 1, 2, 3, 4. JlogasaTp, 4TO f‘("”&.l A L <xe J .
L 5
; ) {1, [loCTPOUTE WHTEPNOJAIMOHHEN MHOTOYJEH A8 QYHKIWH /(r)=cmx o
Pl 5, BT ;)= f(Tors Fsop Lsesr i) ~Z ar
f(ro/ ., X)) = O T Bt 27 R TR HUBIBIOBATRIBHOCT]H  Y3JM0B X,=0, X =5 Lo =T, Ty= 5, Ts=2% Ole-
Ls - XL, SR IOIPeNHOCTD BHYACJTEHW M CPaBHUTH €€ C MAKCUMAJBHOA I0IpelH0-
Vi I TOYKAX
IS JIOOBX IBYX DAz JHYHEX TOUYEK Lp,Ls IOCJEI0BATEJBHOCTH T, 10, JokasaThb, YTO MHOroWwIeHH HBOTOHA /D; o6paz3ynT 6asnc B IpPO-
VA TIE MHOTOYJIEHOB.

3aMeTUM, UYTO ecJii BCe TOYKU IOCJeN0BATEJLHOCTH [?} coBnaganT,

TO HUHTEPIOJAINMOHERN MHOTOWIEH MMeeT BUJ ||, CpaBBATh TPYLIOEMKOCTL BHYMCJEHUH N0 (QopmysaM HbwTOHA 4 Jlar-

Z f qa )(To ) (-1 R T

/D(JCJ = [:‘; -——-—I-——-’ (13’1’0) . . 1 [l0GTPOUTE HHTEPIOJAIMOHHE MHOIOWIeH HpTOHA 8 PYHKUUH
& /('l' Je¢os © 10 TMOCNENOBATENBEOCTY Y3N0B X, =X,=0, Xz=Xy =1,

TakyM 00pa3oM, HHTEPHNOJNALMOHHEA MHOIOYNEH - 3TO CyMMa n+d W #ily= %, CpaBHUTL pe3yJbTaThH BHUMCJEHHA ¢ 3ajaued 9.

14, 0003Ha4uM 4epea /D(JC) [OJIMHOM CTEeNeHd L TaKo#, 4To
MRS kfktt), K=0,1, ., n . Hattu P(r+L).

Yilaaanpe. PaccMOTpUTe OTHAEbHO CJydYad YeTHOI'O W HEYEeTHOrO V1
Ecim {:é C“‘{(a,f) n I, <. .. £Xp - TOCHENOBA- 14, B xolle s3KCIEpMMEHTa MOJYUYEHH Clelyole CeMb [ap INaHHBX:

YJIEHOB PAa3JIokeHus QYHKIMM .f B psn Tefsopa B T. L,
JUIs OLEHKY HOTPEllHOCTH BHYUCJIEHHHA MOXHO BOCIOJIB30BATHCHA CJELYl-
M pe3yJbTaToM.

yTBepxIeHue.
TeJBHOCTL Tousk w3 otpeska [@,€] , To mnm Bcex Xe€[a,é] umeer

MECTO PaBeHCTBO ; | | ~1.000 | -0.960 | -0.860 | -0.790 | 0.220 | 0.500 | 0.930
- ] ] | | 1 |
(x)- () =(m-Xo) .. (T-X0n ) (%o, .y Xn . T) . | ! ) i i i |

{ ’ P 7{ y | -1.000 | -0.151 | 0.894 | 0.988 | 0.895 | 0.500 | -0.306

3afauuM M ynpaxHeHHA K §6 QOIS SHAYEHNe g({) i -{=t<{ ., NOCTpOMB MHTEDPIOJIALMOHEHMA

wialaey 6 - # cTemeHu. [peamojaraetcs, 9TO % - 0YeHb IJiagKas
1. IorasaTh, 4YTO QYHKINU ei(m) ¥3 fopMyJH (1) o6pasynT 6asuc LWL, XOpOWO Ji OTPAXAeT MOJMHOM XapaKkTep U3MeHEHNs IaHHHX?




- B0 -

15. Kcloabayd HETEPHOJIALIMOHEYD dopmyay JlarpaHka, LOKasaTb, qTo
' nz pas3
eciu Bee KopHu X; (i=L,.., 1) MHOTOUMSHa P z2 ) D
JWYHH, TO
n {

R DA =L OL

s Pr/v, (x:)

16. [lokazaTh, YTO MOCJEACBATEJIBEOCTD UHTEPIOAUXOHHBX MHOT'0YME
HOE Pa 10 UYeOHWEBCKUM Y3Jam PaBHOMEPHO CXOIMTCH K MHTEPIOJUpYeMOil
Pyskuue £ . eCIM fé])L ) )

yyassHue. BOCHOJB30BATHCS HEPaABEHCTBOM JleSera, Jorapu@MiIHecroy
oueHKOl (4) IJ HODMH COOTBETCTBYRUET'C npoeKToga 1 cJelyuiyM Hepa-
BeHcTBOM Ixekcona (D.Jackson, 1911): 8CJd f(&l@a,é) L

b=a
e (f; @’L)C(éz,é’)éJwi(f’” Cla¢)’

gf - a6coJpTHAS TIOCTOSIHHAA.

YacTp 2. HexkoTOphie MeTOHAb MOJMHOMHAJNBHOH M KYCOYHO-
NOJMHOMHAJILHOA ANNpOKCUMalMy QYHKUWA IBYX INEpPEeMEeHHBIX

7. Pa3HOCTHHIE OMEPATOPH U MOAYNHM HENpPephBHOCTH OYHKUWH
ABYX IMepeMeHHbIX

1Y ETs
iR X u
1Sy %

- JIeVCTRUTENbHEA QYHKIWA JIBYX JEUCTBUTEJBHHX epe-
Yame BCer'o MH OYHIeM CYUTATH, YTO onpene—
JOYKRAX KBaIpaTta 62!=-[O,i]2. Bo BTOpO# 4YacTy Mocobusi pac-
WG MEADTCA HEeKOTOpHE BOIPOCH, CBA3AHHHE C NPUOJIMKEHNEM 7f c Io-
WileD MHOI'OYJIGHOB ¥ KYCOYHO-TIOJHHOMMANBHEX QVHKIMHA. [10 CPaBHEHUND ¢
flipukeumanrer QyHXUAN ONHOTO TEPEeMeHHOIs 3alaul NPUOINKeHNs QYHK-
[ jisyvi (4, Boobuwe, MHCIMX) TNEPEMEeHHHX He TOJBKO YCJOKHAKNTCH, HO
v SRRTY IpuofpeTanT crelu@uieckde YepTH; MHOTHE BOMNPOCH B OZHOMEp-

Wil CHTYANKM POCTO He BO3HUKAWT. LBYMepHHE 3aladvyd NPHUKJIAJHOI'C aHa-
s YReTO UMEnT JCHOE eCTSCTBEHHOE MMPOUCXOXIeHWe - OHM BCTaKNT, Ha-
(AMMER, Tpi 0BpaboTHe U300paKeHui.

lJp@ane Bcero Mel BBefieM B D&CCMOTPEHHE DPa3HOCTHHE XapaKTepUCTUKH

DIRNE BYX TMTepeMeHHHX; 3TU XapaKTepUCTUKH (MOLYJM HEIpEepHBHOCTH),
Vi W I ONHOMEpHOH CHTYallMd, 4acTO MCTIOJb3YNTCH B OLEHKAX TOYHOCTH
WISl DYHKELNE. B OCHOBe HX ONpEJe/eHUS JeXUT NOHATAS pPaszHoCT-

0% wneparopa Ay ﬂ.=(ﬂj,ﬁ1)e R< . wei cautaem, uTo
by f(p) = (ke gehe) - g,

fveTh K’é‘2?+
06 weliavaeT, 9To

A fGy) = L7 C flxoghanyejf).
j=0

, K ol
TIONCKUM, KaK U paHee (CM. §2),5;k’=66ﬁ)

Glyio PO UTPAT ONEpATODH BIRTHA PASHOCTH [0 KOOPIMHATHHM HAIDA-
WM A:’e“') . ¢=1,2 . 3mecy u muxe G€R ; e¥=(1,0),e%(0,1)
J &
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(f’l‘) f(]/o—iv + (7 +f ‘x)j'{o ) = (ﬁ‘x); 'VV

:Ing yoroodu UMNMATSLD LoaWu (%) 091080l F=X 8enfiro 4

X =[x

(%) ST /e i ®
r t+ Da y pulr T = {fx V
¥ )# ¥ e LT
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] 2
- kamoEmueckuit Sasuc K €:=(4,1). Tonowm Ans 4:@(1,0(2)674_

o °£1 oot z.{ oLy A"(l
A= A7, = N F -
h' ™ The® The® 2 Th T T el Ty e
d iz )
OmepaTtop A j, ~HABHBAKT OMEpATOPOM B3STHS CMEWAHHOH DA3HOCTH MOPANR
Ka o )

B naneHeimeM Ms OyIeM MMEeTh OeJio ¢ [BYMA JVHEHHEMU NIPOCTPaHCT-
BaMi sJIrefpauvecKuxX MHOTOYIEHOE 0T nagrx [epEeMEHHHX ~ @,,_ (06uwedn
CTeNeHn 1o XL, ;ﬁ HE BHWE A ) M Jp np (CTEIEHM HE Bolie A 10 X
W Ee BHIlE /L TIO g ). Eco ol=(mt,n) TO ?j{::ﬂ‘n, Tarum
00pa3oM, @n COCTOUT B3 QVHKIMA BUIS

g Y - o o2 E .
gep=L aEy 4y
Ofo(/S}'L
a 92} w — 43 OYyHKWMAA BUZa :
w3l
xz, ): » x‘ , al_ - R
j( d‘, Oszsm_ QLJ y /
O<r=n

Tak, HampuMep,

@i = { ax +gi +C’j ) @JI:{axJ+€r+ty4'c!j

U T. L : D )
BBEleM B pACCMOTDEHUE Takke KJaCCH  KBa3HMHOI'OYJIEHOB Yy
,1(2) . OHM COCTOAT U3 MHOI'OYJIEHOB II0 OJHOMY I[IEDEMEHHOMY, KO3Q@u-

IMEeHTH KOTOPHX ABJANTCH (HEIPepHBHHMY) QYHKIUSMU IDYI'OT'0 NEPEeMeHHO-

i < - TR '
43;%(4;} g’ |, R éz & (x)yf .
EyneM cUMTATE @r(foOj . HeTpymHO BHIETB, YTO

J (2)
7 = 93{{(1 e 9?2 : (2)

oW 2) 2 ol
HakoHel, mycThb /74-—?.(’ +%L . 970 o3Hauaer, uTo # o )

<« . ~ =
ecsH g:/o,floz P € Qa)(."’ {={,2 OTMETHM, 4TO KJACCH KBaskMHOIOule
[4
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HOB ABJANTCS 0ECKOHEYEOMEPHHMU JIMHEHEMM [0JIMpOCTDAHCTEAMH C(Q}
llpuBeseM psn CBOACTS DPa3HOCTHHX ONEPATOPOB, BBEICHHHX BHIlE.

1. AZ ) 03%1:%5 é’ - Jmmedtssni onepatop ws C(Q) 8 C(77),
n:S[O,!—KﬁL]"EO,i-KfL;J;‘ IpY 3TOM

rTAK 1

e K
W ety —com =2 (3)

JloKa3aTensCTRO L:f;ljoﬁbaye"r Gopmyny (1).
; ¥ K =
2. Ecm pe “f,( _i,KEN, TO A;L/D(:Qﬂ:@ mpu Bcex A

3. Ecam PE‘%_(:I , TO é;e“.)/o(:r,;}‘s‘() npu Bcex G

4 Eom peF o, 6N, AY plgi= 0 mow cex A
5. Ecm pe ’70{_(, , TO AZP[I‘JJEO mpu Beex A .

OTMETHM (Takke 63 NOKa3aTeJbCTRA) HEKOTOPEE PazHOCTHBE TOX-

LECTBA I1A QYHKIMK ABYX [IEPEMEHHBKX, UYHMTATENn NIpeAaraeTcs pazofpark
X HEKOTODHE YACTHHE CJy4Yad (CM. Vp. 5-7).

flycts /.:(/;:o(,ﬂ(z ~ TIOPALOK MyNbTUMHIEKCE o | o/ = o(,_/dz./ ,
Torza
B ) Z K ‘, AO( ( 2

B ciyuae k=4 TORNECTBO (4) UMeeT CJeLynIMil TIPOCTCH BUA:

By ) = Ay T Egeh) v 8O f ()

W DOCTATOYHO HATVIANHBY [eOMETPUYUECKUNA CMBHCH (KAKOH?).

[lpenicTaBnenne cMeWaHHOR PASHOCTH Yepe3 MOJHHE Aaer Clenypiee
ToxzecTBo (J.H.Kemperman):

K~(D] . P
&, £EZ ™)

mgD

By . by fler=2 (1)




_54_

31echb K(J)ékz,‘/fi,-r-,K ; %::%J‘l}{(ﬂ; & ~ HemycToe NMOAMHO-
wecteo {1, ., Kf ;2 =(T.4) ¥ “TownecTBo BepHO U IR ﬁ(‘/,)Eéf?"'_
HeHO. 4To (5) MOKHO HCIIOJB30BATH WA TPEJCTaBNIeHAs PasHOCTH A -
MoHoe ABHEM, HO YACTO 00Jee YIOOHEM A MOJYYEHMT HYKHBX OLECHOX
ABJAeTCS [DECTABIEHUE CMEWaHHOA PasHOCTH, MOJYHEHHOS GONrapCiimdl

maTeMaTrkamy [1. BUHEeBEM U K. /BaHOBHM (1985):

;4
K "
AVC I f(z)i; g, b, F(2+47) (6)
I, 08 ) (S) p(K)  pH_ _(8) p (L) (s) p (KJ
ﬁ‘f’é[ f +_,"_?/lt£ ]A:y; ﬁ +'..+?); /4 ) (7)
s) s}
HarypafbHOE ¢ quca é%, lss e;( us (6), (7) 33BUCAT TOJBKO
oT K , TIprYeM d
(s) ) (s) g
0« U, VU o+ kKl 51,/=1,...,/<. (8)
/7 0

CylleCTBOBAHAE 3TUX 4YMCeJl TapaHTUPyeTCH. MocnefHee ycnoBye (8) SABJA-
eTcs HauboJee CYUeCTBEHHEM 1A IPUJIOKEHUH (CM., HAIPUMED, yip. 8)
C MoMOmBbD BBEIEHHHX DasHOCTHBIX OMEpaTOpoB MOXHO OTpeAeUTb MO-
Ay HelpepHBHOCTH QYHKLHUA IBYX TEpeMeHHbX. ByneM cuuTarb. HTO
£e C(Q), Iiflcc) f’—‘(g}fg@/f(:ﬂ.;)/.

BBeleM B DACCMOTDEHHE CJeIyouie MOLyJH HENpPepHBHOCTY f
. MOJHBYA MOpsilKka K €

K
//Ak,f//, T20;

W (£5T) = Swp

O /1'1 )A'Ls

P

[

— yacTHbE 110 X U HD‘} popaika K

(-f."f):: Oi 5 //A;eu)fff p i=1,2,;

<la

(¢}
G

- CyMMa YacTHHX Moy Jied:

Q. k) = (k) + w2 (fit) st (41 ,4) ;

2
~ cMemanmsh opsigxa oL € Z 2
ol
oy (fit)= S 145 £,

]
C‘- I-5 <

%;(%ilii)
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B mpaBhX 4acTAX 3THX DABEHCTB HOPMa 4CCOUUAPOBaHa ¢ 00JaCTho
DApenescHns QYHKLKN, cTOSE [OJ 3HAKOM DA3HOCTHOrO ONEepaTopa, Hall~

puMep,
<oy HALA . [1=[0.1-kh]x[0,4-Kh,]
PAS U= W8y TT= (01K
9T¥ DA3HOCTHHE XaPAKTEPACTUKH MMENT pil CROMCTE, KOTOpHE AHAJO-

'"MuHL CBOWCTBAM OIHCMEPHBIX MonyJiefi HeMpepHBHOCTH (CM. §1-3). lpu-
BemeM I8 IpuMepa CJeNyRUdA aHanor HepaBeHCTBa Mapuwo (h<K):

A (f3) OGS 45 L I E

!

-

: —~ 1
CO,L({,T)- L ( Jl ghTt C(@))'

@
HOBOJl TEMATMKOR (10 CPABHEHAD C ONHOMEpPHOH cuTyauuen) seadeTCs
GRA2b MEXIY MOLYJAMY HETPEPHBHOCTH Pas/ifdHoT0 BUAE. My DIpUBeleM JIBd
COOTHOWEHUST TAKOro THIA.

I fé€ (@), ke, , t=(,7)

Teopema 1.
max Wy, (fit) X ik (4,7, (9)
Y =l
CO/C({;T} < CQd({)t); K > ll=1 . (10}

JOKa32TebCTBO SKBUBAJEHTHOCTH (9) MNCOOAL3yeT ToxaecTBo (4) W
P EOCTABNAETCA IUTATEJIO. OmeHka (10) MoxeT OHTb IOJYdYEHA gonee
GJIOWHEM TYTEM C MCIOJNb30BAHMEM TEODEM O CKOpOCTH KYCOYHO~110MMHOMN
WIBHOW allpoKCUMalllin.

MomyJii HeOpepHBHOCTH QYyHKIMU ABYX (1 MHOTUX) IEPEeMeHHbX #CI0Jlk
ByOTCA B OLEHKaX AJs CKOPOCTH MpubauxerEns QYHKUMA. AHBJOTOM TE0
MBIl YATHH (CM. §4) aad QYHKIUA fYﬁ;g ) aBaseTcs Cledynmee YTBEPH
J\eHKE.

TeopeMa 2. [ycTb ke N, o€ NZ, ;4-‘3(97’; ,B&J. s fGC(Q)
YMET MECTO HEepaBeHCTBa:
e(£, P ) ¢ pwcfin)
k-L7c(a)l i

&Lr; ga_e) sd¢(¢)§2¢(f)jF )

C(w)
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e(fs Ml,e)n, 4 fate, B ).

C(R)

[lepeHe IBa COOTHOUEHKHS MOXHO YCTAHOBUTL ¢ IIOMOUBL IIOZXOAAUAX
KDUTEPUER MNPEIKOMIAKTHOCTH [TOAMHOXECTB C(QJ (cM. §4 a5 GyHRIMN
OLHOT'O IepeMeHHOI'o). TpeThbe HEPaBeHCTBO (Kak YacTHBI cayday 6oJiee
00Wero pes3yabTaTa) NoJiydeHo B 1970 roxy K. A. BpyIHEM.

Bce ompenesieHNs U OCHOBHBHE DESYJBbTATH 5TOT0 Naparpada NepeHo-
CATCS Ha QYHKIUK f{lz;.--,l}t) MHOT'UX TEDEeMEHHHX U HEeKOTODHE JYHKIMO-
HaJIbHble TIPOCTPAHCTBA, OTJMYHHE OT

3azauM M ympaxHeHHsA K §7.

o ol
1. MNonyudTb SBHYD QopMyJly IJIA CMEUWAHHOR DPasHoCTH Ahf(x: Y
2HAJIOCMYHYR (1). PaccMoTpeTh YaCTHHE ciydad o« = (1,L) ,o=(2,L1)"
@ - g)(r) 93(2)
2. OGOCHOBATL NpelcTaBJeHne Fy = < N %, . - -
| K o
3. JoKasaTb, YTO /JIAZ 1= 2% . demy paema HopMa omepatopa &4y, °
4. JloKkasaTb CBOUCTBa 2-5 PA3HOCTHHIX ?HepaTopoE.
K T KD A =
5. JoKa3aTh TOKIECTBO Ahf(v'cij)’"z(;z? Af(vt,;’“ﬁgz) ns k=1
il K :2 J lo(/:K
6. BemicaTh M JOKa3aTb TOXNECTBO KemmepMana (5) misd k=2 u 3a-
TeM 1JiF pasHocTed A"‘A £, ltj=2 )
7. lonyunTb BapuaHT [peJCTaBMeHUs (6) ¢ orpaHuyeHueM (8) aud k=2
; 1)
8. BHuMC/UTS MOLYIM HelpepmeHocTu CJ, (£, T), (£,7), W, t)
S o=({,1) ANA GYHKIMRA

oD XY g pexiy), e
£y =Vxy

Bo BCEX CJIyUasx 0= x,y<1l.
9. VCTEHOBUTH 23KBUBAJEHTHOCTL (9)
3TOr'0 TOxOecTBa (4) u (6).
10. IorkazaTh 1Js QYHKUMHR féC(Q) HEPABEHCTRO

o .
185, FIdR, trh =(th tohe).

[a%]

o]

)
)
)

C

TeopeMel 1. MUCMOABb30BATH INf

ey (f5t) éc(o(}jQ

Yrasapue. Mcnoib30oBaTh HepaBeHcTBO (8) §3.

ﬁE'?_

- p-— (1) 2
11. Joxasats, uro: o, (f3T) = (f;f)#-wf/(f,?).
OUEENT KOHCTAHTH B HEpaBEHCTBAX TeOpeMsl 2 aJa K =1,2; k)=]

§8. 3amaum JBYMEDHOH HHTEpNOJSIIHH. HuTepnonsims
C MOMOWbK MHOI'OYIEHOB U3 ﬂ

{(JCHOBHO BOIIpOC, paccMaTpuBaeMbil BO BTOPOH 4aCTH [IOCOBHA - npu-
DIMHeHe QYEKIRKT f ABYX TIEPEMEHHEX XL U y ¢ nomowpk anrelpau-
HECKUX MEOT'OUJIEHOB U KYCOYUHO - TOJUHOMUAJBLHAEX QOYHKIMN. Bynem cupy-
g e TN f - 2

@is, w0 fe C). Q=[01]%- [(=9): 02, yeid}

yoTe X %@3&1&%@1‘ OIHO M3 MPOCTPAHCTE airefpandvecKix MHOICYJEHOB
@L Wi ﬁ’,,”,b 0T IOBYX TEDEMEHHHX, BREHEHHHX B §7 /9*5)( - MHO-
FOYJICH HaWIydmero opubangedus ,[) C TOMOIBR B METDUKE C[Q) ;
U5 ©. TarcyW MHOUOYJeH, IJd KOTOoporo

b, = infd £ - =yl T .
e(f)x)m) Pei L7 =Py = 1E P g

a ~ T ot i3 / =
CYUECTBOBaKME O 1N KaKNOM fe ClQ) crenyer us 06X pesyasTa-

I0f Teopuy NDUOMMKEHNA (CM., Hampamep, [2], CTp. 8). OpHaxo nJisg
IYHEOMA 1BYX TMepEeMEHHbX 3QPEKTUBHHE METONH TOWCKa O (Tuma omHo-
i 1

MERHOTO anropuTMa PeMesa) HeM3BECTHH. B CBSSH ¢ 3THM BMECTO /C" Ha
WPAKTIKE YACTO MCHOJBb3YIT MEOTOWIEH pzpfa rne P: Q)= X -

WEKOTOPEA MHENHHE UPOBKTOop Ha )( ; 'T5 B %-f ana fEX . Tar kKax

e(f5X),. < HE-PlL. . <(is0Pi P
>/ B> < + / . R
{PABOe HepaBeHCTBO B (1) ecTh HepaseHcTso febera), To ff - Pl Tem
MEibie orimiaetca or ff-ph-e(f,X) , vew menrue /P . Urax. xax n
i GJly9ae 0IHOTO  TEePEMEHHOTO, MPeANOYTHTE/BHO UMETh JENO ¢ MpPOeKTO-
JIOM HauMeHbilell HOpMH. B § 8-11 M DacCMOTDUM 2afauy MuHuMuzRannn 4Pl
IMA TDOCTENUMY NPOEKTOPOB — MHTEPNOIALMOHHEX.

LACCMOTPIM CHAdalla 3alady MHTEDPNOJAIMM £ C MOMOWBO MHOTOYIEEOR
, . 3 LT
53 @L y fLE~Z+. Tak xak dim “n=2(mt)(n+2)=/\/ (roveMy?), TO IJA
WAROSHAYHON Da3pelMMOCTH MHTEPIONALMOEHON 3aJaull TPeGyeTcs, Kak M-
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= e > X ) ; A Taw xi yi i

HHMW{,/V YCJIOBUM B (NPOCTHX) y3Jjax. [osToMy oflWed MOCTAHOBKA 35744l

CJ2AYOLAs. A=dxy Y. 1| # 0
fycts A, = (T fa)s o Av=(Zv. dv) - @LIKC:I/IDCBEHHBLL:{ Hagop T 4 4

(pazsuramsix) Touex kBagpata & . lag fe C(Q) tpeGyercs HaiTi TaKoi

MHOTOWJIeH /06@1/ . L KOTOpOTO

BHavYaeT, 4To AL;AZ?Aﬁs HE JIeXaT Ha 0JHOH [IPAMON. 3aMeTHM, 4YTC B

Jo (Ai) = ,fi P (AN) = 7fN , (2) 9T0M caydae A=2S |, S - miowazs TpeyrofbEmKa c BepuMHANE A
> Ty y
et A#Q . TO HeusBecTHhE okcTiilinaaiz(sIsuyat QL‘,( CIMHCTBEHERM 06—
pRSOM HAXOLATCS U3 (4) C moMombl MeToZa laycca. UX MOKHO Takke [o-
é =4 AJ ) PaBeHCTBO (2) skBuBaneHTHO cucreMe N jmHenHmx /HATD TIOCE 00pallesusi MATDHIE
ypaHeHn#t ¢ N HensBecTHEMI - KOSdQUUMeHTaMH Qz':: MHOI'0YJIeHa /O ano /‘-fi
o £ ek = Q1 i
2 ax.k ‘rs gs - fs , S :j;" i (3) ‘ A-i ‘fg
Csitkgn ' = : (5)
¢ Kk 3 ” a«o
UN¥% B MATDUYHOM BUAE (MOHOMM X YIOPANOYMBANTCS MC yOHRAHMD 06— T o
e CTENeH:N) Cas fN
n-l ’L ) . . -
\IL l’i (71 .,-g ke .x__' ai 4{ a’l‘LO :ﬁi M_I(JEHQI{H.M yepes /DL MHOI'OYJIeH {,1[”3 @L HUS(DCDHL{HEHTBE KOTOPOIo copa—
o e n T { 0 BYDT L -R cronfen maTpume Al . PaBeHCTBO (5) o03HayaeT, dTo
5 ga ('12 s VDS jz et 3{2 /D" (I,yf ABJHAETCA DelleHVeM UHTePHOJRIMOHHOA 3a1a4l, COCTBETCTBYW-
] ] P e L . = v o _ -1
: EW  Cay4an ﬁ =4 ,620 y J F L 1 R cronfen AT nosyuaercd
a 5 ] (4) [OCJe ee YMHOKEHHA Ha BEKTOp :
[l % [—- ) = (] T
1_ (0..... 4 .....0)
X 1o rak, MHEOTO4NeHH VIOBJAETBO ve M:
al ‘ ai, MHOI'OY/eH /Di . ,/D” YIOBJETBOPANT YCJAOBUAM:
-1 a
65 et .‘.H"_ T, 4y 1 gt
N N N Mo N N \ :f =y
\ %0 iN (x JGCJD : 3-(/4\)—5 = K
\ \ / ‘ e, >dL/ nos p s d =T o™ .z (6)
(74
0003HauMM 4epes Al MaTPUy CUCTeMH (4), a4 ee onpeleJuTesb uepes A .
Yenosue A =0 9SKBMBAJEHTHO TOMY, 4YTO TOUYKH Au‘_,, AM exaT Ha RO9TOMY HHTEDIOJAIMOHHEI MEOTOYJEH /0 , YIAOBJETBOPABWKHE (2), HMeeT
ONHOW anrebpauyeckod JWHUY MODPAIKA A B 3TOM CJyHae 324342 HEKOp- R N
pPexTHa. [l03TOMY NpY BHOOPE Y3J0B MHTEPHOJALMM HYXHO ITPOCJEIUTSH, (7, 0) = ? f
4TOOH OHM He NMONA/M Ha OJHY JMHWK [IOpAlka A . B ciayyae nzi,A/=3 ,p ’] Tl FPy (115) : (7)
; {=
(MHTEpHOJALMA C TIoMoWpl Jy ) HEPABEHCTBO ‘

QOpMyJa (8) SBIAETCS AHAJIOIOM VHTEPIONALNOHEONA GOPMYJIE Jlarpanka.




460_

UTAK, WHTEpNOJALMOHHEN NPOEKTOp P : c(Q)—-ﬂ , TOCTPOEHHBH 10 CHUC-

Teme yaaos A, , ..., Ay 2 BUL
PE(x,y)= 2P f(Ag)/D; £ D (8)
f:i

MHOTOYJIEHH O, YAOBJETBOPANT YCJOBUAM (6); UX KOSPPMUMEHTH COCTAB/A-
©T { - cronmdern matpuub Al

MoxHC LaTh Zpyroe ONMCAHHe 033UCHHX MHOFOWIEHOB Ly (x)(‘f) .
0003HAYUM 4YEDES AE(JC,g/) ompesiesuTeNb I0pAJKa /V ., noJiyHapumics
us /A myTem 3aMeHH L-# CTPOKM (OH& 38BUCUT OT xi)%) Ha CTPORY
YIOPAZOUYEHHEX MOHOMOB JC}/:, 0<S+t<n . Torga 1nsa Beex i=4,.,N

4
/D[-(T,y):g A (x.4) (9)
JeAcTBUTEABHO, /D; (-‘(',5/)662 {H&I0 pasJioKUTb A‘» o t' -# cTpo-

Ke); P [AJ\): JL-(/ (TRE. pA. (A5)=A a ompelelIuTedlb AL-(AJ')
COLSPHUT [BE OJUHAKOBHE CTPOKU ¥ paBeH 0). [lo3ToMy

N
4w ‘
Pf(x,éf): — /A a= ). (10)
VAN
Nz QopmynaH ( 8 ) mojyvyaeM, Kak ¥ B OJHOMEPHOW CHUTyallWy, BEHDAKES—
e ans Hopws 2 kax omepatopa 13 ((Q) 5 C(Q):
N

///D/{ . = mar /{ -(ff, )l (11)
CQ)—C(Q) (r,(:j)é@é it I

Wi ¢ ydeToM (9)

N
{
HP =l L 18 (2] (12)
C@)—C@Q) |a] (I,‘;{K«Q =y 5

3aflauyi ¥ ynpaxHeHus K $8

1
1. MoKazaTb, YTO o/[m,gi = Z(fL*LJ(VL*Z).

,_61-

[lonyynTh HEpaBeHCTBO (1).
3. [lokasaTb CHpaBelNuBOCTb QOpMyJ (11)-(12) IS HODMH IIPOeKTO-

4. COCTaBUTH [IporpaMMy, peaJM3yrRlyl BHYMCNEHUE I)pl}[

§9. JiMHelHas ¥ KBaJpaTHYHAS WUHTEDNOJNALMA HA KBajpaTe

B 3Tom naparpade Mel pACCMOTPUM TPOCTHE, HO BakHHe AJd IpuJIcHe-
HWA caydad JUHEWHOW U KBaJpaTU4HOU UHTEDIIONAINHM Ha KBalpaTe, T. e.
WHTEPIIONALINN C [IOMOWBK MHOI'OY/JIEHOB U3 @1 " @2 OCHOBHOE BHMMaHzWE
ME YIOEJUM TIDUMEpaM.

§9.1. JluHefiHasd MHTEPNOJIALMA HAa KBapaTe
3allaya MHTEDIONANWE COCTOMT E TOM, 4YToOH [Js JaHHOTO Ha6opa TOo-

HEK Ai , Ay As u 3HaveHuit #i= ,f(Ai) - f)fg = fo (Ay) | f=f (As)

YKa3aTH MHOTOWNEH P(X.f)= ax + dy+c rakoit, uro P (A )=

= P(Ig.c';’;): ?-PL MH cuMTaeMm, 4YTC Y3JH A; : Al, A_:, He /e¥aT Ha o4-
MO¥ mpsMoi, T. e. (cMm. §8)
ooyt
A = X, (y?_ 1 # O
Ty Ys 1
[ 9TOM cayyae ABHOE pelleEWe 3gJaull 3aMACHBAeTCs B BHIE

filr o
/Z“:(Iy_ HL i

AL

4 A T
o | = A | 1
C ‘fz

’ ?

Wi B Ipyroi Qopme



,p(r,y) & é—( fi A% (r,j) + Tiaz(x’ﬂ) +7f$A$ (x,j))

MHOTOWIEH At‘(-'f,o‘/) mony4aeTcs u3 A 3aMeHod | -ff CTDOKK EHa
cTpory  (x Ty 1) . HopMa COOTBETCTBYKWEro mpoekTopa

P:C(R) — C]i ¢ (cmraen Pf:p ) paBHa
5

[P = —— wex [ A (xyl
(Al Oﬁr,gei !

HopMy P MO¥HO B K&¥IOM KCHKDETHOM CJlyvde HAHTH HHAYE - Halo uC-
MOJIb30BATD TO, YTO MAKCHUMYM H MAHMMYM JUEEAHOW QYHKUMU /0: P# Ha
KBajpaTe Q LOCTUrEeTCA B QJHOM U3 ero BeEpUMH.

[pumep 1. MycTs Ai:(O'OJ,AZ:(i,O), A.=(0,1)

Ioraa

0 0 1 -1 10\
Ko=f % o gty e groge 4
O 4 4 ' L 0 of

i P(ftay):('fﬁfz)x4—(~{71+;’3)X t £ P slech P(T,4)=-x-y+4,
P2<I,;’) =X, P (ftjy):dv (KO3OOVUMEHTs 3TUX MHOTOWIEHOB GTO-
AT 1o cronduaM AY). B nampom cayiae A = |A] =1,

Dzzxz+y <]

2 » : ' p
Z {PL( /5(” - J 153:+g£2

1 5 x+y) -1 -
Mostomy fPJ = heax ZfPLl =3 . C Apyroil CTOpoHH,
'I,J {
NPl = mex wax IP(I*X)’: It L. maB;//D(O.O)/, /P(i.O)/:
-i<fiey (xeQ ~fef¢y

/,D(O,i)}) fP[f,U/f:“‘;x Ml’{’fih/lgz/:!{%U‘ﬂ*g*fx{j:&
= (éi ¢

llpuBenieM 3leck Tab/mLy, B KOTOpPON MpeiacTaBJeHH suaucans Pl
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IJIA HEKOTODHX eCTeCTBEeHHBIX PaCIoNokeHUE y3J0B UHTEDIIOJIALMA.

ST
|

I | 1 | » |
| A Aa A | Py Df/)(r‘a") P

Pt =
® o | .

I((/,O)l(i,O) I(O,U |] (fg'fi)m"*('é’fi)y +fi |f 3 :
lg_i‘; 1 — i —=

J. |
1(070):(1_0):(%,%): (fo-fi)x +(2f3‘f{fz); F I 3 |
—_— : —t

N | ! |
(OO G, (f)esthgh Syt |2 |

e W

| L4771 \ | |
(0.0) j(h%)'(iz L) 3]:( 2fitfe afs)l + e
i | [ ) { | o |
l ; i | |

ri(o,o) ;(i,o> ju’ﬁ)’ (%'f‘):“%(ﬁ-dﬂ"(-kﬂfi g+ :F@F)l!
| | | BFO | k& 4 [

L SRS B 1 [ | |

llATasq ctpoxa Tabammy 0000LaeT TPA MEPBHX CJydas (IB& TOYKM GuK-
CHDOBAER B CMO¥HEX BEPUMHAX, TPETbS MEHSeTCA 110 KBaiparTy) . Hopma
UHTEPIONAIMOEHOI0 IPeeKTopa B 9TOM cJIyYae 3aBUCHUT OT o(,ﬁ; a
BHIVIATAT CJSIYDIMM 05pazom:

gl%ﬁi e gl el
Flap)= 4 240p (< pl e
E
2 £ , (a,P) e I

o
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e e

Puc. 7

OTMETHM, HTO DACIOJOKEEUR Y3JOB B IIEPBOM U TPETHEM CJYYASX /AT
MaKCUMaJIbHOE 3H&YeHWe IUoatu Tpeyrombauka Ay Ap A .

Wrak, ciyyait subopa A, =(0,0), Ay=(1,0),As=(% %) naer
| Pl=2 u rapanTupyeT OUEHKY LN TOYHOGTYA NDPUGJIIKEHHS

L -Piloy <3 e(‘%g?)c(@) ’

BIIOJHE NPUTOIHYD MU NPAKTWYECKUX BHYMCJICHUH.

OTMETMM, 4YTO 3a CYET BHOOPA Y3J0B MHTEPIOJSLMU MOCTeIHRE OLEeHKY
MOKHO HeckoMbko yayumnTs. Nyets A,=(0,0), Ay=(t,1),A=(4,1) . £#1.
3qavenus t=0 wu t= i ganr {{Pi=3 n Upll=%:2.53,_, CODTBETCT-
BEHHO. OKAa3HBAETCH (BECHMa HEOXMIAHHO), YTO JJId HEKOTOpOT'D MpOMEKY-

TOYHOT'O 3HaveHus '€ [Oé] IPl<2 1 B ofumem caydae

3t {424 47
Pl =y = Wm( i o ) )
LA I+t 17 -

Qopmynia (2) moaydaeTcs Mo obueit cxeme. I[IpOCTOR aHAJMS noicagflsaze'r,
- =t

uto QyHKmMA W)= i_: yOuBaeT, a QVHKLES \B(t)= 3=

BO3pacTaeT; cleloBaTesbHo, min, \P(t)  pocTUraeTca B TouKe

¥¢f0,1] . xoropas sBnseTc pelicHMeM ypaBHEHNA

3-¢ 442t -4
1+4 p -4t '

- B85 -

. -¥5
am 5 -3++1 =0 570 JaeT 3HaYeHHe t*=%—:0~33‘3“"
Tak Kak
* . . = _+ r—u POTTE
‘f(‘&*):?)‘t* _ 3,+\!?: (3+V5 )(s V>J:1+V0.8,
1+4 s -Vs 2.0

x <
TO MUHEMasibHOe 3navemne I PH=Y(H*)=1+0.9 = 1.8944231 ...
VHTEPECHO 38METHTb, YTO YUCAO t¥ ABMAETCH "MArMYecKUM" YMCJIOM
"30JI0TOT'0 CeyeHus": NEACTBUTEJbHO, YpaBHEHUE

R
{(—¢% 4

(3)

SKBUBAJIEHTHO Jc"z— 24 (=0 . PaBeHCTBO (3) Kak pas U couep-
¥AT OmpefieseHne "30J0TOr'0 CEeYeHUdA": OTHOWEHHE MeHbliell 4YacTé K 60Jb-
me#t paBHO OTHOWEHMD OOJIbWER YacTW K UenoMy. I'eoMeTpuyeck: (3) 03-
HayaeT, 4TO NPW COOTBETCTBYbIUeM BHOOpe Touek A, , A, A  miowam
Tpex TPeYTOJIbHUKOB, NPUMBKAOUMX K BepUMHAM KBalpaTa, pPaBHH.

_'tk

k

§9.2. KBagpaTHuHasi WHTEPNOJALUMA HA KBajpaTe

3alada VHTEPIOJALMK T‘f P Df— COCTOHT B TOM, YTOOH 7S

z e :
| QMKCHpOBARHOrO HaGopa TOuek A, A, e@Q=T041" A =(x.4),
| He JeXaWWX Ha JMHMM BTODOTO [OpAiKa, # sdavenuit +; = {(A;)  yka-

| 3aTh MHOTOWIEH /O(-r,g):QIZ+@13+C52+C{SC+€3+£. Takoil, 4YTo
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/D(A[):?{i »0=4,.., € . Vcnoeue, maxnamseaemoe ma Towxy A; . aB-
NFeTCA BEeChbMa OTPAHNYMTESBHBHM; B YaCTHOCTHM HE MOAXOLAT MHOTUE CHM-
METpUYHHE DACTOJOXECHAS Y3/0B, HalpuMep TaKue:

Puc. 9

Ecom AL He JIe¥aT HY HA KaKofl JMHUY BTODPOTO MOpAIKa, TO 6X6 -
MaTpula

X XY Zﬁ x, Y !

2
il

DC'Z_ o HZ X, G 1

ABJAeTCS HeBHPOXASHHOW, U pelleHye 3ala4¥ JaeTcd DABEHCTBOM
a 1,
: ;ﬁ'i
%/ ) ia
U

G
P(:c,y) = 12, 3€L Pi (x.4),

rue P[ - MHOTOYJIEHH, KO3(QQUUMEeHTH KOTOPHX COCTABASHT CTOJOHH MATPU-

‘6"'7_

: /s _ 4
Opuyep 2. NycTe Al:(O,O),Az«(l,o),A3~(O,i)‘A‘{=(1,LJ,AI:(Z,%)’
Ac=(3,0) . Touu A, .., Ac pacronomess crMMeTpuuEO, BHOOP A
CBSi3aH C yKasaHHHM orpasuueHneM (A, . Ac sexar Ha nape NPAMBIX).

A, A,
.Af
A
Ay : A,
Puc. 10
B sToM cayyae
\
f[ooo oot 22 000 -4 \
10 0 4 .04 4 -4 -4+ 10 O
A= oot 0tld S S
'111111,"Sﬁ=~3-1oooq
L I e = -
Al A o‘Loé‘iOC‘:
q A L+ ¢ C
\ZOOzOL ,

rD(':C,g) = Pf(a:,g):(Z{ﬁQ{z-#e)lL + ({1 ~fo A2 +{4) xy +
w(-fiforts efmds 4F)Y T+ (3Rt a )= ¥
ARV VIR

g .
l\fzzromeﬁ /D(r,a) MOKHO 3alicaTh TAKKe B BUIE /D(i‘y)=12ﬂ prx=y)
L

/oi(r,pszxuxj-f—fm +ho pa (ryi=2xtoxy gyt Ay
PS(I’#)zgxfi? /o&(x,g):xg (—Jl -4
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P;‘(‘TJJJ= —4'yz+ [/j 5 Pé (x;d‘/} ="4.'>(L+ 4‘;2'1 41"42-

U BCex [x,i)é@

HeTpyIHo mokasaTh, 4To aasi Bcex ¢=4,..,6

NC LIRS 1

Ai)"') Aé

[loaToMy ZJs TpPoEKTopa P o y3JaMm
6
TPl = mazx Z/P;(x,g”é( ) (4)
(x,J)c-Q 1

OLEHEY (4) MOXHO YJNYYIUTh, HamnpuMep, ¢ OoMolbl 3BM. BO BCAKOM cay-
4ae, IJd TOYHOCTW MPUOJIMKEHUS IapaHTMPOBAaHO HepaBeHCTBO

i f 7”6(0} e(f,@z)c(m.

3ajaun ¥ ympakXHeHus K §9

1. [louemy QYHKUUA /Oég? NPUHAMAET MaKCHUMaJbHOE (MHHUMAJBHOE)
3Ha4eHHe B OJHOM U3 BEpWWH KBaApaTa?

2. [lokasaTb, YTO MaKCUMAaJbHOE 3Ha4YeHUe IUJIoNalM TpeyroJbHUKE,
cofeprauerocss B xsampate [ ©O,11%, paso 7 .

3. ToJyYuTh DEe3ysbTaTH, COAepHalpecs B 2-4 cTpokax Taou. 1.

4. Toaywurs 1a OyERmE F(X, B) dopmyay (1).

5. JlokasaTb, HYTO [JI HOPMH UHTEPIHOJALMOHHOI'O MPOEKTOopa ,D
mocTpoerroro mo Toukam A, =(0,0), A,=(¢.1), As=(4;t), crpasenmea
QopMmyTa (2).

6. PaccMOTpPHM H3BECTHYD I0CJEL0BATEJIBHOCTh PUOOHAUYH:

111»2!3)5’ 8v13a2i,34’,55,..«

*
lokasate, uro ins mee Lo (., / Qn = £ %" = oyéd B

h — oo
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7. UYeMmy paBHa f P// Cl)~c(r) [IpY HMHTEpIOoJAlUMY [0 TPEeM BEpuHHaM
NpSMOYTOJIbHAKE []= {0,10x 0,11 ? MnGoro OPAMOYTOMBbHUKE
[M=la,¢1x[c,d] ¢

8. AKRYPATHC 060CHOBaTb HENPUI'OJHOGTH BHOODA TOYEK pHC. 9 B Ka-
9eCTBe Y3J0B I/ KBaJIPaTUYHON HHTEPIOJALNY.

9. YnyyunTe OoUEHKM (4), (5) ¢ moMompw JBM.

10. PaccmoTpeTs Bompoc 06 5OOEKTUBHON JMHEAHON MHTEPIIoIAUIY
OYHKLMKA TpeX IlepeMeHHHX Ha eIUHHYHoM Ky6e [0, Ub. OnpenenuTs HOpMY
NPOEKTOPa IO YeTHPEeM BepuWHaM KyGa, Kak[He ABe U3 KOTOPHX IpuHAalie-
*aT oOWed I'paHu.

§10. OueHKW nns HOpMbl HHTEPNOJIALMOHHOI'0 MPOEKTOopa.
Crnoco6n BHOOpA Y3JI0B HHTEPNONAUMH Ha NOAMHOKECTBE KBajpaTa

MlycTs ( - 3aMKHYTOE MOIMHOKECTEO KBaJpaTa Q=[0,1J2 . OIHO-
3HAUHO OMpejiesisiliee M060R MHorowier us % (ecm PEY=F@Eg)  mna
/ali egﬁ’ U BCcex (Sc,g)EG , TO P=¢ BCORY). B NpocTeiliefl cUTyalMu
G - Bech kBagpaT . MlycTs, Kak W paHee, /V:dtmgfl)_zzi(ﬂff)(,ll+‘?_).

ECJM 'TOYKH AE :('x;,ggj é‘-G y b= N, TAKOBH, YTO ONpPERefy-

TENb
n
x) x:l_im R ul Jt {
A= ’
- o !
Xy Xy jm}j{f Ty I L

0TJM4eH oT O, To QopMyna

v N
/aza:,;):P/(oc,wZi fptop =27 fa g, o
L= : =1
AErice

salaeT MHTeproJRmIoHHsE mpoextop A: C(G)— gD,.L
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TaKoll YTo P(Ag)f?(i. 3gecs A, - ONPRACIHTENL, MONYdabuHiics
. n e
3 A\ 3aMeHom [ - @ CTPOKM Ha CTPOKYy ( X X & g 0 y 1 I
Hopua P xax oneparopa n3 C(§) s C(§) pasua
N

1
1P = - max Z [&: (2,90
, FA (x,y)éG (=4 5 )

JoxasaTesbeTBa QopMys (1) ¥ (2) AHANOTWYHH cayyan G=Q (cM. §8) un
NPeAOCTaBAANTCA YUTATED.

Bubepem Tourn Ay, ..., AN CMelMaNbHEM 00pa3oM, a MMeHHo Tak,
urobu seqmHa | A| umena - MaxcuManbHOe Bo3Mo¥HOE 3Hadewme 1p#1
Bcex Bapuantax A.¢§ Torza, oueBumso, mad Bcex (=4, .. N 1x
(i,j)e G  OyHeT BHIOMHATLCA HEpaBeHCTEO

/AE (I,y)} < A

B CBA3M ¢ 3TUM IIDM TakoM BhOOpe Aj'

Py N. (3)

C6)—cigy =

Utak, MB 000CHOBAMM Takoill CrIocod BHOODa Y3JI0B MHTEDMOJALMY.

[lepBHI CHOCOG. Y3JH HHTEPHOJAIHA A1=(z,,/y1))k ,/4,,-,=(JC”,_,7,,) BB~
OUpaTCs Kak pelieHVe 3alaul MaKkCUMK3AId

[ A) TTMaJe  mpu YcJOBHA (Il‘ ,3; ) € G : (4)

"TouHoe u SQQeKTHBHOE pelleHHe 3ajavy (4) AJf [POU3BOJBHOTO G
YKa3aTb TPYLHO. B peanbHOR cUTyalmu G —- KOHEYHOEe (MHOTOTOYEYHOE)
MHOXECTBO; ecJiu G cocrouT u3 M  Toder, TO mOJHHI nepefop Tpefyer
BHYHCJICHNS CM ompegesmTeseil A IS BCEBO3MOKHBIX Habopos usz A
TOYEK. B psile chydaeB (Ipu HeGoJabUMX A | IJIS CUMMETDPUYHHX WA Clle—
[MaJbHEX @) pelleHre ympouaeTcd. Mo¥HO Takke MoTpefoBaTbh, YTOOH Be-
mrmsa (D[ Gena "mouTH Maxcmvamba": ecm |A;(x, Pl=yla), (x,y)ed,
L:i,.,,,/\/h C  HEKOTOpoi 3/21 . TO 3TO JaeT OLEHKY HOpPMH COOT-
BETCTBYLUEI0 npoekTopa B Buge PI éd’/v . OTMETUM Takke, 4TO Xopoliue
PE3YJIbTATE 13T HEKOTOpHE 3BPUCTUYECKUE AJCODUTMb DelleHHs 3aIa4H

(4).

|

1

llpuBeneM  Ipyrow Mevos BHOoOpa  ToMeK BaxHHM HocToMHCTBOM
3TOT'0 MeTOola ABJAGTCA TO, 4HTO Hatop ToYyek /Al,,..,AN CTPOUTCHA IOC-
JELOBATENIBHO. — CJIBLYET, OAHAKD, OTMETHTb, YTO N3BECTHAS TeopeTHdyec-
kad ouenka I Pl g OTOM cliydae 10 mopsaky A xyke, 4eM (3). 9SroT
CrnocoS omncaH A.MokccoHoM (A. Jonsson, 1986).

BTopoit crmoco6. 06o3uauny qepes T B3aNMHO-0JHO3HAYHOE 0TO6pa-
KEHNEe MHOXEeCTBa G Ha MOJIMHOXECTRO k” » OCYUeCTBJsiEMOe M0 [IpaBuy

(I,y) F—T—?X ;z(xn’ 1Wi}>w;(‘jn,“ >3C;y.’i) <R

nyers T(G) - 06pas G . Toukm X“.) X/v (M ¥X mpoo6pasn (xi-,y;J )
HUYTGR Tak. [lepstie se Toukn X, )(Z BHOMDanTCH Xak peusHue sKc-

TPEMAJIbHON 3a1ayn
IX—Y!RN—-max X, XeT(q).

3Hech {X ~Y IR:J ~ SBKJMIOBO PACCTOAHUE B f\"v . ‘Takum oGpazomM, XJ
Xz ~ IIBE MBKCHUMaJbHO VIaJIeHHHe OfHS OT IPYTO# TOYKM M3 T( 6 ) Ha
STOM 3Tale B JUCKDETHOM cAydae HAJO NepebpaTh BCe NApH TOYEK: BIIpO=-
HEM, pelleHWe MOXeT OHTB OYeBMIHHM.

Ianee, X 2 BHOWpaeM Kag Haufonce YLAJEHHYR TOYKY MDAMOH, HpOXo-
faued sepes X, , X, Touka X, JOMKHA GHTb MAKCHMAMLEO yaasena
OT THIOCKOCTH X‘i xz)(s , WO WL WTAk XK ET(Q} - TOYKa, Haubosee
[I2JIeHHAsA 0T @—2} - MEPHOTO JIMHEAHOT'0 MHOTO0G6pasus, poXomslero ye-
PE3 Ay Ay - ¥

PaccTosEme o 0T TOYHHU X D0 JNHeHHOTD MHOT000pasus j/ =L+X 3
roe L - [MOANIPOCTPAHCTEO ¢ GazUcoM ffj.. Jlé . PaBHO

G  Yreloname, X = £ 2

d = _
Ge (Vo Vo Vs) '

G z ( - ) o6osnauaer Ompefie/mTe b [pama CHCTEMH BeXTopos (+ ) . B
CBA3M C STUM (T.K. 3HAMeHaTeJb QMKCMPOBAH) HA K - M Ware My pac-
CMATPUBAEM 33Jauy

é;z(-/\/z = il X,-(;L ’XL ;X ‘Xl) — Max
XxeT(&q),




= iz

pelierre KOTOopo# 1aeT XK . Eocm G— COCTOUT U3 M Touek, ToO 3Ta
cxema TpebyeT <M BHUMCJEHUI onpelequTeneil 'paMa HapacTaplero
mopsifka. [Ipd BHYMCJSHUA CUMMETPHMYHON MATpUUE [pama CIenyeT y4ecThb
ee TPEesMCTBEHHOCTD MPU NEPEXCAe K cenyoueMy HOpAAKY (OKaAMIICHHEe
CTPOYKOR ¥ CTOJICIIOM) .

' B 3aKJOUSHUE OTMETHM, uTO MHTEpIONALMOH b MHOTOWIeH Pf } MOC=
TPOEHHbY TIO TOUYKaM (X, yi)e 6 MOXET CJIYKUTb PAaCIpOCTpaHeHneM
(TIpOIOJIREHUEM) Ha Bechb KBajparT.

3anaud ¥ ympaxHeHns x §10

1. K xaxuM pe3y/ibTaTaM NpUBOAST NEHCTBUS OMMCAHHBX METOIOB s
K=3 (ren={) em G -

a) Becb XBajparT,

B) BIMCAHHHN KPYT,

¢) BIMCEHHHI TPEYTOJbHUK ?
Pa306paTh Ipyrue IPOCTHE CJIydau.

2. [punyMaTh SBPUCTUYECKUEA aJT0PUTM pelierus saneun (4).

3. Pea/M30BaTh BHOOD Y3J0B Mo crocofam 1 X 2 Ha 3BM.

§11. HuTepnonAumMs QYHKUMA ABYX MEpPEMEHHHX ¢ TOMOlbIo
MHOT'OYJIEHOB M3 Ty

B §8-10 MH pacCMOTpe/y BOMPOCH, CBA3AHHHE C yHTeprnonsuuen QyE-
KMl IBYX [IEPEMEHHBX G- [IOMOWbK MHOTOWIEHOB U3 2 . T. &. MHOTO-
4NeHOB OT HBYX NEpeMeHHHX ofmedl CTeleHW HE BHIUE n . Jlpyro#r ecTecT-
BeHHHIl KJACC YHTEPIOJMPYRIIX MHOTOWIEHOB - COBOKYIIHOCTb Y7, MHO-
TOYJNEHOB OT L H } CTENeEW HE BHyle AL 1o T ¥ HE BhHuE /L IO
Ipo Takyhe MHOTOWIEHH [OBOPAT MHOTIA, HTO OHK MWMENT "pachajanimyocs”
WM "BEKTODHYR" CTeleHb. Mbl IOKaXeM, 49TO npyd ONpEeJeseHHOM [0IXCae
MHTEPIOJALNA MHOTOUJISHAMY BEKTODHON CTeNeHM CasupyeTcs Ha OAHOMEDP—
HOll MHTepnosALuu. DAKTHUECKH, OMMCHBAEMBII METOA WHTEPIIOJALUY I0RY-
4aeTcH KOMOVHALMEN MHTEePHOJALMY [0 ABYM HANDaBJEHUAM (mo&e u 10 Z ).

flo ompeleJieHum, /Oé@m,n' ecnn P(%,4) UMeeT BUL

plx.g)= L.
O¢ oM
© .‘5/ <R

g .
dvxz 5 al(/ek,

fcgo, uto D =d‘m@u/1=(md)(n+u MUHVMAJbHOE YUCJI0 Y3JI0B HH-
TepIOJALA, CapaHTUpybllee eIUHCTBEHHOCTh DelleHusd 33134y, DaBHO Vb
[lpocToll 1 eCTeCTBEHHEH BapuaHT BHOOpA D yanoe Ha kBazpaTe Q =
=[0,4]% nomyuaercs Tak. IycTb Lo,.., Lpe Jo,0s Y - BB
Habopa (pas/MyHHX) TOUeK oTpe3xa [Q,{] . I[loMoxuM

Aé{f:(xi’JJ) 3 L=0,., m ;J:O,.—,“'»

( A, ;- YBIH CeTKIL, roJyyanielics Npi pasOMeHnd KOOPAMHATHHX CTOPOH
(@), £ =1(Ay)=

KpafpaTa). IycTh fe— i = g)»,{(xl,{yjj 3ajlaya UHTEpHoJs-

UMY 32KJOYASTCH B HAXOKIASHHA TAKOIO MHOTOYNEHA P€J5 o . AR KOTO-

DOT0

/O(CZL,;(J‘)=£J 5 £ 0, =0, 0 (1)

B cayuae m=n=1 wmorowren P(X.jJ)=atyrbrecy+d sBATETCH
JAHEHHEM 10 ¢ TIpH QUKCUPOBAHHOM ;v 1 HaoGopoT. TakuM 00pa3oM,
WHTEPIOJSILNG ¢ IOMOWBR J7 ; MOHO Has3BaTh GMIMHEAHOH (nns Hee D=
= 4). VHTepnoJdums C HOMOuWBl 7, ,  HE3HBAETCA GHKBaApPaTHOM (3l1eCh
D=9 ). Pemenre 3afauy (1) IaeTCd CAELYOUUM AHEJOTOM dopMynH Jlar-
panxa. [10JJ0KIM ;

Lz(a:) ::k/l == L= ey, U
g -Ye

My (q):= —<
i\ K??-(%,"jx

Torza MHOI'OYJIEH

/D(x,(y):ZfZ- ,‘f’y‘ L; (UMJ@) (2)

£=0{/=0
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NPYHALJIEHUT g,,)t},,,: KpOMe TOro,

P(Ls ) fe )= Z Z 76‘/ Lg(%) ’%'(ff) - 74;{ - R

L1=0 J'=o

CJenoeaTesibHO, QopMysa (2) IaeT peweHue 3azaum (1). Jlpyras 3amuchb

VHTEPNOJAIKNOHHOT0 MHOT'OYJIeHa
”m n

Polxg) = . /. L .(yd‘)[z(’“)’(f/'(i/ (4)

(=0 d‘=o

OTpelEelIAeT MPOEKTOP p: C((?)H @,‘(,,, . HeTpyzHo noxasaTb,quo or(Lf)pa—
Top P mpencTapiseTcs B BUAe CYNEPNO3MLMH ONEPaTOPOB Pu P,
KOTOpHe 34ech 0003HaYANT OXHOMEPHHE MHTEPIOJIALMOHEEE [IPOEKTOPH IO

clCTeMaM To4ex X, ..., Lp. (HApaBJeHUe ocU T ) H y(,ym (Han-
paBJieHiie 0CU y IR ROT I
p= P pe (5)

3aIch D/[xj) = P“'P%{(i,g) 03HauaeT, 4TO CH&‘{S.;I& (npr QUK-
CHPCBaHHOM I ) UHTEPNCJUPYETCA [0 7 CUHOMOLLH:IO P*’; satem pe-
3yAbTaT MHTEPNOJUPYeTCHA 10 X C IIOMOIBD

Tax ¥e, Kak B OIHOMEPHOM cJiydae, IOJYy4YaeTCs paBeHCTBO

= mex L LML ®©
(g€ Q <y

i
/IDIC(G?)—«’(Q)

Ecu 1peofpasoBaTh IpaByn udacTb (6), TO OKaeTcd, UTO

, (1) (z)
= i -
1Pl oggr—cegy= 1P 1HAETES o

anech M P(U// - HOpMA OJHOMEPHOT'C MHTEPNOJSLMOHHOI'O NPOEKTOp& P mo
COOTBETCTBYWHSH cucTeMe Todek kak omepatopa us ((0,4) B clo,1) .
TakuM 06pas3oM, ONTHMAJbHOCTb ABYMEPHOH MHTEMOJANMK 00YCJOBJMBAETCHA
ONTUMANBLHOCTBE BHOOPA Y3JI0B 0 KOODAWHATHEM HANpasJeHusM. B 4acT-
HOCTH, HalpuMep, VHTEPNONALMOHHEN MPOEKTOD P:c@)— 9}3_1 no ys-
JiaM, COBMAJabIMM C BEepUKHHAMHA KBAZpaTa, SBAAETCS HaWIyduMM - IJid He-
ro [PH=kPI=4, i=12 (cM. ymp. 2-3 mocne §6). [poexTop
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P:C(Q) 922, TMOCTPOSHHE N0 CHMMETDUYHOMY HAGODY Y3JOB: BEDUMER -

"

CepeluHH CTOPOH - LEHTp KBADATA, HMeeT Hopmy /Pl =(1.25)°=1.5¢25 .

3ana4M ¥ ympaxHeHHs K §11

Movemy ,o(‘rs,y{h{if , CM. DaBEHCTBO (3)?

[loyemy uMeeT MecTO MNpelcTaBJeHue (5)9

MloKa3aTh, HCmoJbays (5), uTo A sBisercs NPOEKTOPOM Ha ‘?;3,1.
4

. JlokasaTh paBeHCTBO (6) XA/ HOpMH MpoexTopa. I[poBepuTh, 4TO

IPI=JPY-1 PP

5. OnpenesuTb SBHBH BUJ OUIMHERHOTO ¥ CMKBEIPATHOTO MPOEKTOPOB
10 TOYXaM DaBHOMEDHOI'O pasOMeHus CTOPOH KBalparTa.

6. [loka3aTs, HE WUCIHOJb3YS PaBeHCTEa (7), YTO MHTEPIOJSLMOHKEHR
[IDOEKTOD Ha 9%1 II0 BEpUKHaM KBajpaTa ABJAeTCH HaWJIyYllM.

7. CpaBHUTH SKCIEPHMEHTAJIBHEM [IyTeM TOUHOCTHM NPUOIMKEHUS QYHK-
OMA ¢ IIOMOWb MHTEPIOJALMOHHEX ITPOEKTOPCB Ha‘sz [0 PABHOMEDHBM y3-
JaM ¥ y3JiaM YeOwlLeBa.

B> W N =

§12. Mpu6imkeHHE KYCOYHO~MOJMHOMHAJIBHMMA QYHKUMSIMH

llycTe OyHKIMA f(:t, ) 3alaHa Ha elMHUYHOM KBajpaTe a,: [0.131. {0
AHAJIOTMY C OLHOMEDHEM CJydaeM 0003HAYMM uYepez X pasbucune o7rolo
KBajpaTa Ha MPpAMOYTOJIBHUKM, CTOPOHH KOTODHX MapasuleNbHE CTOPOHAM
KBarpara. KpoMe TOro, ecy BCe OPAMOYT'OJBEHUKM DABHH MEHIY COBOH M
MUMHH MX CTOPOH B HANPaBJEHUAX OCEH PaBHH % X TO TaKOE€
pasbuerne OyneM 060z3Ha4aTh MLxp . HakoHew, B ciydae K=F£ (pasbue-
HHe Ha K2 DaBHHX KBaZpaToB) OyZAeM IPOCTO IMCATH 7(-k B nanbHe#-
e, TOBOPS O NPAMOYTOJIbHUKAX U3 pastueHna 7L , Mb GyleM MCKJOYATb
VX BepxXHWe ¥ NpaBhie IDAHUUE, eCJ OHH HE COBMNAJAnT ¢ IPaHUIEed elu-
HUYHOTO KBaipaTa. TakuM 00pazoM, NpAMOYTOJBHAKA U3 pasbuerus 7L
He [epeceKkanTcd U UX 0O0belUHeHWe NaeT eXMHWUHBII KBAJIpPAT.

BBeleM Ternepb MHOKECTBO g‘?l(ﬂ’) (COOTBETCTBEHHO 7,3,1,4 (7)) wy-
COYHEO-TIOJIVHOMUAJBHEX QYHKUNWA CTeleHd < /L  (COOTBETCTBEHHO < (ML,A1) ),
MOJUMHEHHHX pastueHnn JL KaxIas QyHKLMS #3 3TOO MHONECTBA Ha
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OpsMOYTOJbHAKE U3 pa3fueHus J  coBmaaeT ¢ HEKOTOPHM MHOTOYJIEHOM
P Y3 [POCTPaHCTBa g%, (mm 73,%,1_ ). 04YeBHUIHO, UTO 9,2(75)
I, ,L(ﬁ) ABAARTCA JMHEAHEMY NPOCTPaHCTBaMU.
PacCMOTpHM BOMPOC O HAXOENEHWM KYCOYHO-IOJMHOMHUAJBbHON QYHKLVM
f‘ Hauny4wero mpubiukesus. Takas QYHKUUS ONpeleJdeTcs COOTHOWEEHEM

- =i -alf :
-7 e igé;m(m -3 c(e.)

TeopeTUYeCckr BONPOC DeliaeTcsd 04YeHb MPOCTO. HYRKHO HA KakIOM IPAMOY-
TOJBHUKE V3 pasbueHns A  TOCTPOUTE JJf QYHKIMHK MHOT'OUYJIEH Ha-
Waydiero NpuOJMKeHnd U3 MDOCTPAHCTBA Th,p 0IHAKO IIpaKTHYeCKU
[0CTPOUTL TAKOR MHOTOUWIEH 4acTo OBaeT HEeBO3MOKHO. 113 9TOr0 3aTpyl-
HUTENBHOTO [OJOXKEHUS MOXHO BHUTH, €CJU UCIOJb30BATH HUETEPIICJSIUCH-
Hyl TEXHHKY., DACCMOTpeHHy® B § 8-11 dacTu 2, T. S. Ha KakICM Ips-
MOYTOJBENKE M3 pasfueHus J = TOCTPOUTH WHTEPIOJALUMOHHEM MHOTOY-
ned. Taxum 06pazoM, ecyy pasfueHve T 3apaHee 3ajaBo, TC HETDYIHO
T0CTPOUTL KYCOYHO-TIOJUHOMUATBLEYD GYHKIND, KOTOpas ZaeT MPUOIKEeHMe
TI0YTH KaK HaWJyyuwas.

llepeiifieM K GoJiee CJOKHOW CHTyallMy, XorJa pasClueHue 3apaHee He
33JaH0; TpY 3TOM HYRHO HalTH KyCOYHO-TIOJMHOMMAJBEYD QYHKIMD, npus-
JUKEOIYHD 3alaHHyl QYHKLVD ;f C TOUHOCTbD £ . PasbueHKe, KOTODOMY
6yIeT MOIYMHEHa KYCOYHO-IOJMHOMMAJBHAA (OVHKUNS, 3aBUCHT ¥ OT QyHK-
VS {’ , W OT TOYHOCTH & Takoil nIpolecc NpubJU%EeHNd HA3HBAETCH
aJaNTHBHBM, TaK Kak pasfueHye TOACTpaMBaeTCs I0J XapakTep 0COOeH-
HoCTelt OVHKUMK. B 4acTHOCTH, ©C/M y QYHKIMU HEeT 0CoGeHHOCTe#, TO
pasfienne GyIeT COCTOATb M3 INOYTH DABHHX MPSMOYTOJBbHUKOB. Hike MH
OTMIEM TDW TAKUX ANAlITVBHLIX aNrOpUTMa. 2

YTOYHMM IOCTAHOBKY 3aj1avyi. Ha KBalpare GL¢=[O,13 3a8Ha Helpe-
DHBHAA QYHKUUS f ; KpoMe Toro, 3ajaHH YHC/a ﬂ@/lééz+ u €70
Hy%HO NOCTPOUTL TaK0e pas30ueHne eIuHWYHOTO RaaupaTaJ[=J[(fi£) , 4To

e6”> (.75) C{Q,)

7€ G
[lepBHI anroputM. Ha KBanpare C?o MOCTPOMM UHTEpTIOJIS I OHHEM

MHOT'OUJIEH /% W3 MPOCTPAHCTBA Jpe,n U HafileM MOTPEewWHOCThb MNpUOJINEe—

HAs. Ecsu IOTpelHOCT: MeHbme £ , TC f% —- UcKOMas QYHKUNA. B 9TOM
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crysae pastueHnme A COCTOAT M3 eNMHCTBeHHOTo KBagpata (p . IIycTh
TIOIPeUHOCTb MpAGIUKEHUS (T. €. ”f‘/%”c(aq ) Gosbwe £ Paznenum

xsanpar (o Ha YeTHpe peBHEX KBaJpaTa GL°==[O,§]2} Qo =
=[El/i]"L°lL3 ) Qoz:[o»éj"[%;l}» Qu:[%;ijz-

Ha KakIoM M3 9THX KBAADATOB MOCTPOUM UHTEDPIOJSLVMOHHEN MHOTOYIEH
PQ: ( £y¥=0,1 ) . BHUMC/MM TOTPEHOCTH

&y = I e () il g

BO3MOXHE JBE CUTYaIMu: 5;'< E U éy'azé B IepBoM ciydae cooT-
BETCTBYWUNA KBazpaT CQ;- He MOABepraeTcs JaJbHedlleMy LeJleHub, a
BXOIUT B HCKOMOe pasfueHWe. Bo BTOPOM Clydae KBAIpaT CQQ' JeJuTes
Ha 9eTHpE DaBHbX KBaIpaTa, W BeCh OIMCAHHEMA OPOLECC MOBTOPSEeTCH.
OfHa X3 BO3MORHHX CHUTYaUMil W3oOpaweHa Ha prc. 11.

PR 1

Puc. 11

Wavenpierre KBANPATOB NPONOJKALTCH N0 TeX HOpP, NOKA 1101 PG
OPUOAKEHNS HE CTAHOBUTCS MeHblle & VCKOMOE pAROUEHNE COCTONT Wiy
Tak HA3bBASMbX OHAIMYECKHX KBaJPaTOB DasHHX Da3MepoB. Kmaapar Q
6yZeM Ha3mBaTh IMAINWYECKUM, €CJH HalAyTcs lLefHe wucia L, /,K y TR

ke uro @ =[i275, ((+1)27" ] x [j pL* (J’H)'Z'K] .

BTopod anropuT™. [lepBHe JBa Wlara Takde ¥e, KAK ¥ B [epBOM aJjro-
PUTME, & UMEHHO: CTPOUM MHOT'OWIEH P. € Q%qn H, ecJM [OTPeNHOCTh
NpUOMKEHKS G0JIbLIE ?(; TO GCTPOMM MHOI'OUJIEHH /Of‘”(—g‘?u ,L(' t‘,(/'=0,1)
KyCouHO-M0MMHEOMAAJbHYD DYHKLMD, COCTOSAWLYD W3 /L”’ J . 0602HAYAM ;-

L

04eBUOHO, 4YTO ;ﬂ6532,1(5zz)- BHYMCJMM TIOTPEWHOCTS: MU OIHKEHNS

_ ; N . «
& = /lf—ji ”C(Q,)“ maex l!:f -Fé-/- "y

ij=0,1 (@)
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Eciu 6,;% , TO MpOJOJEKMM TIPOLIECC LeJleHus: BCe KBajpaTH Qg‘ (c,/:
=0, {) paszjeuM Ha 4YeTHpe DaBHHE KBaIpaTa M Ha KaxIOM U3 16 6ouee
MEJEUX KBaIPATOB TOCTPOMM MEOTOHJEHH pnj“ (2(.! i, [zt 2SN HyCoU=
40 -[I0JMHEOMUANBHEYE QYHKLUMD, COCTOAWYD W3 /Q-- 0603HaAUUM fg

HeTpyaHo BUZETb, 4TO $5€ ,,L)n(7f4). BuuncamM €, Ecmi 5225—)
TO MOCTPOUM QYHKIHD fﬁ . [lpopomnM IpoLecc JeJEHUA }lQﬁTEX mop, no-
Ka He HajeM KycOuHO-TIOJMHOMMAJbHON QYHKINA y/vég‘,jnlﬂ( Low) TaxOW,

4yTOo
. £
=gl ey <2

Mo Mory OB CKa3aTb, 4YTO JYHKINA 94, ABASeTCs MCKOMOW (CM. [MOCTa-
HORKY zajaun (1) ). OZHAKC 9TOT crocof MOCTPOEHHA Xy#e DaCcCMOTPEeH-
HOr0 HaMy B MepBoM ajropuiMe. Me NOCTPONA paBHOMepHOe pas0uenue
fgv, KOTODOE COCTOMT 13 GOJblero KoJM4ecTBa KBaIpaToB, YeM B IMep-
BOM aJropdTMe. lefiCTBATENBHO, Ha 9TOM IyTH MH IIeJUJM BCE KBaLpaThl,
Jage Te, HA KOTOPHX TOYHOCTb MPUOMIKEHAA 6oJla AOCTUIHYTA. [103TOMY
mocTpoeHue QYHKIAKA MOKHO CYMTATH [MPOMEXYTOUHEM WaroM. Mbl mepeu-
Ju 0T QYyHKLVHA f K QYHKIUA %- ATa%k, HY¥HO YTOUYHUTH IIOCTEHOBKY 3a-
naun. Ham He TOJBKO HYRHO HOCTPOUTD KyCCYHO-TIOJIMHOMAAIBHYD QYHKIMD,
KoTopasi yAoBneTBopseT (1), HO ¥ IO BO3MOXHOCTH MEHUMHU3KUPOBATL KOJM-
YeCTBO KBalpaToB, COCTABJANNMX Z.

llpescTaBuM QYHKIMD jﬂ/ MB BUIE DAA

9y(%) = ZO ( g:00) = 70 ()

371ech ga(xJ = Po(2), g',{x) =0 VauTHBas CHeLndnKy pasOuenus

%21 , 3aMeTmM, uT0 pasCueHne Z,: "BUMcaH0" B pas3OueHue %i-{, a

370 3HAYAT (cM. 3ajauy 3 §12), HTO @n,n(zzw)C @m/k(fzz).

OTcoza cpasy CleAyeT, 9T QVHKIMA 3;‘ “ﬁg,i ABJRETCA 3JEMEHTOM IpO-

CTDaHCTBa g,)ﬂ/,b(fgl). BuepeM B 3TOM IIPOCTPaHCTBE fazuc, COCTOAIMA

u3 B—cmam{oa, W pas3yioriM j, —f‘-_l o Gazucy (cM. 3ajady 4 §12):
K

G - 90001 = 24 B (=)
agecy K; += dim %)n(]izg) = 0i(mrt)-2(n+1).

mMeeM DaBEHCTBO

o2l
0BozHaYUM ft' = ﬁ[ '3{-1 .,HOL‘-TpOMM IBe TOCJAeN0BATEJIbHOCTY Clliafi-
HoB Oy (i=0,.,N )m T, (TL':,{J N ), WCHOMb3ys MOCJenoBa-
TeMbHOCTD 10 s = o= T4
I TOJIORMM éc o W T =Tid, «To=5; 4= - S

TVOoTT ~ 7 ] ¢
lycTs CHNEHHH .50,.‘ ,51-_ g2 f(. yke T0CTpoeHH. [IOKaxeM, KaK CTPOUTH

T;

&'Jlﬁcﬂl;- 3,‘ I 3TOr0 pAa3JIORUM Til mo 6asucy NpocTpaHcTBa '
m,n.( LZ‘) . MycTh K,
f ) ¢ t 7
T'(x)=/. ¢ 8 (x).
BeIEAAM CaMbe 6oJblie KOoOOWIMEHTH B 3TOM pa3JokeHnu. IycTh
_d 2 A LE
TOT L8
= ‘ (e
8(1)’7 ¢! B (%), i
' ‘sl /
d o
Kax nokaszano & (43 ],
g, -5 < ¥
Fu ClG.) a
e S« \So oo N oy S«/ TaxuM o6pasz0oM, Mbl HAMJK (DYRICHN0 S TRIGYm

4TO
(¥4

: ” C(C%)

TpeTyit aJrOpUTM BBUIY €0 CJOHHOCTH ONMWEM TOJBKO IJf CJyHas
IpUEIMKERNS KYCOUHO~IIOCTOSHHBMUA QYHKIMIMY.
HauHeM ¢ [IOCTpoeHus QYHKLUM ?/vé 4 (-/T«ZA/) TaKoM, dYTO

- ' £
1f =90V epy <7 -

Jlndg 3TOr0 MOBTOPMM TO, UYTO Mbl [eJali B [pelHIyleM aJaropuTMe. meeM
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[pelcTaBJieHue
N
= Z (jc -3:-4)
L=0

yyTeMm, 4TO 033UC NPOCTPAHCTBA @(7222) 05pas3ynT XapaKTepucTauec-
Kie QYEKUMH KBaIpaToB, COCTABIANIMX Z,d . A Qe aTa OyHKIMH
OIPENeSIANTCA DABEHCTBOM

1 xe (3

(x) = ’
)(Q 0, =x¢Q

Torja pazjoweHre OYyHKINY ji = Z, ; To 0asucy uMeeT BUL

(?c ‘ja-1)(°¢)=z -’/\Qfa(m)'

Qe T,

Ecum 0003HAYUTHL MHOXECTBO BCEX JNaIMYeCKUX KBaipaTOB 4epel %

= U” 71: { , TO

o’ )

jﬂ(x)“ )Qfa(x)
RED

3TO pPaBEHCTBO ABJASTCA YACTHHM CJyyaeM (2). BebAy HU%e IJid QYHKLIUU
f , UMeplel pasJioXeHUe TI0 XapaKTepACTUYECKUM QYHKIUSM

PLL) = Lif € ol |
Qe

¥ 0600 IUaiMYEcKOTo KBagpaTa | moJaraem

Ya

Mo, 1) o= (( 21’ )"
Qg1

o My, I,)=< A(‘a"Ia

METAM, 9TO €CHH f CI 0603HAHM

3a
A=) }N,Q ). Temeps Mbl lleﬂy}{THBuG OIpejiesy I0CHSNOBATENMbHOCTE DYHE-

' ;‘;5 i "iol“neﬂosaTeﬂbl-och JMaIAYecKiX KBajipaToB T =0 ,mtLl;
i,m =@, . lyers

4To \/167{ yiKe onpeﬂeﬂeHa:

11'

=g, Vo= Gu 1 )\ }, . Npexnnononmy,

]

) y i |

ACIAY Y (v)

d gewn W P

.t

Bbl@epDM MAHHMAI I agat | e oot /\((/} ,[’,‘)- & B
ﬂ(%, Jﬂ)" Ao depey Ul oGozMEN IPeUIECTRENMK" KBAApaTa '
I O BETH TOT JMINECKUE KBAAPAT, PH AGEHMA KOTOPOTO 10Jy
Yuics KBAAPAT | KpoMe Toro, €% = E@RA)T Ecom TAKOr0 MUHUMAJBHOTO

KBaJparTa He CYWeCTBYET, TO II0JOXUM Z?‘i Qc U HY¥Had rnocneloBa-
TeJBLEOCTL KBaZpPaTOB ICCTpOeHa. [locJie TOr0, Kak KBaIpaT I+l Ha#JeH,
[TOJIOXHM

AJH R 0] . QQIA‘H‘
a .

d
)Q B IIPOTHUBHOM cCJyyae .

Takum o€pazom,
j+l
foH = ks ‘e fe
ReD

OTMETUM B&XHOE CBONCTBO NOCTPOEHHEX KBAMPATOR I J 0.0y Mosd

ecJn <)<K , TO AU I He Tepecekaercn ]h ! I,HIH l]‘ 1' N RNT i
) L

Badg 3T0, IOCTPOUM MHL))K(H:‘H.,...

A-' ( U ] l-()’. :'“.‘
J K<] L
ATV MHOXECTBa He [NepecekanTcd, W UX CULSAMHEeHNE JNANT Boch (RN
Q, . 06osEawmM Hepes ad KOHCTAHTY HAWAYMUET0 MPUOIMKENNS Dy

L@ Ha lJ“ , TO ECTb [OPEATOJOEMM, HTO

B9 —a; lpm = iaf 09 -al |
Y78 e Tl T E(Tagy

Torna uckoMasd QyHKLUA S

s(x):= A 2,

3aJaeTCs PABEHCTBOM ;

ec/y X € A‘j“ : ()"QO,mJ“’L'

H

JaMmeyaHye. X0Td MHOXECTBa AJ}{_ He ABJAKNTCH KBaIpaTaMmi, MOXHO
cKas3aTb, HTO
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n

J"=0 jtt
[logpoGHee 0 Ko3QIUUMEHTAX é} CM. 3ala4y 5.
/)

3ajayd M ynpaxHeHus Kk §12

1. JLoKa3aTb, 4TO g,),l‘n (Zixe! sBAAeTcA JMHEWHHM ITPOCTPAHCTBOM.
HaitiTy ero 6a3uc U pasMepHOCTh.

2. llokasaTb, 4TO 6azuc {ﬂ'/} IPOCTPAHCTBRA fﬂﬂ(@z) MOXET ObITH
MOJiy4eE u3 0a3KCOB OJHOMEPHHX "KOODIWHATHHX" TPOCTPAHCTB @m(fik)
n @\,[L(ﬁg).

3. HamoMHmM, d9TO pasbueHue X  "BIMCAHO" B pa3bUeHue I’ . eciwm
17 Ka®#oro kagpaTa (€ X  cymecTBYeT KB&IpaT Qew’ raxon, uTo
OcQ’ . Ioxazate, uro B 9ToM ciyiae Den (A7) € B (Z).

4. Ins Toro, 4YTOCH NMOCTPOUTH 6as3uc U3 B —criafiHoB B MPOCTPaHCT-
BE m,n(f/(z) JOCTATOYHO IIOCTPOMTE 0a3uc B CHHOMEPHOM CJyHae ¥
BOCIIONb30BATLECA pe3yabTaToM 3azaud 2. KpoMe TOro, Tak Kak NpOCTPaH-
CTBO @n(f,() (n @(75{) ) COCTOMT M3 KYCOYHO-IIOJMHOMAANBHBEX @yH-
KOuf, TO JOCTATOYHO MOCTPOUTH 0a3uc U3 MHOT'OUJNEHOB Ha KaXIOM 13 MH-
TEpBaJoB, COCTABJSIDILUX 7E,< (cooTBeTCTBEeHHO Jg ). Takum ofpasoM, 3a-
Laua CBeJiach K TMOCTPOEHHD CIelMasbHOre 0asnuca B NPOCTPAHCTBE MHOT'C—
yrenoB %, . MocTpouM 3ToT Gasuc i ~=0,1,2 Mpr n=0 Gasuc
COCTOUT 13 OYHKIMH TOXIEeCTBEHHO paBHO 1. Ecum n=1, To Ha oTpe3ke
[@,6] 6azycrbe @yHRIAM MMENT BUA €,, (x)=(x-a)/(§-a), &,(x)=
=(-2)(¢-a). Ins TIOCTPOEHNA 3TUX QYHKLMA ME BOCIIOJb30BAJMCh DEKYD-
DEHTHHEM COOTHOWEHUEM [ B - cnnapmoB ([8], cm. Taxxe (5])

xz-£;

£ )4 Litkes 7%
BLK YR = BLJK“i () *”K—‘—T it kg ) (3)
v T Lrik+1 T To+f ’
7 ;
1 R <%6:-r(_
‘BJO (x) -
0 B IPYIHX CJYyYadX.

TO TOJY4UM QYHKIMD

Ecom B (3) B3ATh « =1 )‘f(=a,ti+i:fﬁa=g

ni
ggl coacecmt wanth M sl s @ b s o nonyiam dyskame
&
OyeTs teneph A %2 . Md onpeaeam oasucse gyexum 4,6, €, | ec-
mi B gopmyns (4) nwosuMmeMm k=2 u (t,t..,t.,,t,,) 3amenum Ha
(a,a,a,6), (a,a, €,€),(a,6,€,€) . Ipaguxn >1vx GYHKIAR mpei-
CTABJIEHH Ma puc. 12.

OTMETUM, 4YTO OQYHKLMU é_( , @2_ g's 00pPA3YIOT PA3OUCHUEC CANHNIL,
1o ecs (%) + by(x) + @y (x) = 4 .

Hau™! crelyadbiRi 0asue NpocTpanc i g? ‘(17(2 F (Ql(iﬁ, i
R (). ' 4
5. loxazaTh, 4YTO QYHKUMA U2 TPRTLEI'0 aIlOPUTMA JOIYCINmE o

oypuee MpelcTaBJIeHUE:
wi-L

5(2):- Q’W}(Qu R Z ( QJ' = a‘(((./))/ltj4i

3oect 4epes “Z(J’) 0003HaYEHO HaWMeHbllee Lefoe 4UCJ0 Takoe, 4To T 7'
u I;j’ri COAEDXKUTCA B Iui

6. HamicaTb HOporpamMb, peasu3yniye ONMCaHHHE AJTODUTMH. CD&BHUTH
aJTOPUTME TI0 TPYOOEMKOCTH, I10 TOYHOCTHA [pUOJUMEHUA, [0 KO3OPULIMEHTY
C¥aTHA MHOODPMalUM.
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KomMMeHTapHH H 6H6JMOrpaduyeckue 3aMeyaHus

YacTs 1.

§1-2. MoAyJ HEeNnpepHBHOCTH GYHKUWH (IEPBCIO MOPALKA) OB BBE-
IeHH A.Jleberom (A.Lebesgue) B 1910 r., XOTd 3T0 HOHATWE II0 CYWECTBY
ObIC M3BECTHO M DaHbille. MOAYJM HENDEPHBHOCTY IIOPSLOKA k€N wucnoms-
30BaJmchb B pafoTax C.H.BepruiTedHa NpubJUSUTENEHO TOTO Xe BDEMeHH
{Havayno 1910-x ToloB, CM., Hamnpumep, [201); oHM OBJIM CBSA2AHH ¢ BBE-
JIIeHHHM aBTOpoM "0O0OWEHHEM YCJIOBUEM JIMNUWMIA K -I'c BUJA CTEIeHE S '":
cdxﬁﬁt)scfj. [lepeoe nN0mpOOHOE UCCJENCBAHUE CBOMCTR car(é) NpUHALIe -
®AT Mapmo [49]. CBOMCTBA MOAyJed HenpepesHootu Oymkumia 7€ C(a.¢)
JNOCTATOYHO TOJIHO DACCMOTPEHH B MOHOTpaduud B.K. Izsagwka [9], cM. Tak-
we [111, (161, [73, [11, (13], [15] u ap. CymecTBYeT DAL APYTHUX
DPazHOBUIHOCTEN MOIyJell HelpepPHBHOCTH, TaKke NPUMEHAEMEX B TEOpuUd
MPUOMMKEHYS (TAK Ha3bBaeMHE YCPEIHEeHHbe MOIYJM DJaNKOCTH, oM. (15];
0GOGUEHHNe MONYAK TVIBAKOCTH Buia iy (7t =a§%;{”££%&)ﬂ59ﬂ . CM.
(171). KpoMe Toro, oOWMpEAd CIelXafbHas JUTEpaTypa [TOCBALSHA GBOW-
CTBaM M MPUNCKEHUAM MOJYyJell HelpephBHOCTH QYHKIMA U3 NPOCTPaHCTB,
orarEsx oT C(a,€) , u OYHKUMA MHOTUX TMepeMeHHEX (cM. [11, ([131,
[16] ¥ 1op.).

§3. HepaBeHCTBO Mapmo OOKa3aHo WM B paGore [49]; NOK&3aTeNbCTBO
NpuBoIUTCA B KHUI'e B. K. Iaarmuka [9]. W3BeCTHH aHaJoT'd HepaBeHCTBA
Mapuo 1id ApYyrux QYHKIUMOHAMBHHX MPOCTPAHCTB M (MJM) MHOTOMEDHOW CHU-
Tyaluuy, CM. HanpuMmep, [30]. Pe3yJpTAT TEOpeMH 2 ¥ €U0 BapuaHTH Iid
QYHKIME ABYX [EepeMeHHHX NpuUBeNieHH B MOROorpaduu A.®. Tumanz [163.Kpu-
TEPUE NPEAKOMIAKTHOCTY B TEPMUH&X K -T'0 MOIYJS HelpPepHBHOCTH IJA
KBa3MHOPMUDYEMBIX KJACCOB OpJiya M QYHKLIUA MHOTMX [IepEMeHHBX NOKa3aH
M.B.Eescrkum {32]; ofuasg uied NpuHAIJNERUT D. A. BpyIHOMY (OIMySJMKOREHO
B 1991 r., cM. [Z6]). MeTol ZOKa3aTeNbCTBA HEPABEHCTBa (8) Ha OCHO-
Be NOAX0JAUET0 PA3HOCTHOIC TOWISCTBA OTMedeH B [18].0LeHKU HAWMEHb-
meil KOHCTAHTH B 3TOM HepaBeHCTBE JaHH M. B.HesckuM [35]: ecim t 2
¢ 4k , 10 (8) Bepmo mnm Beex f£e((0.1) ¢ meroTopol JK) < 3k-

2.5 Ce (% . 9TumM e apTopom [34], [35] aHAJOTHYEWE COOTHOLEHHS
JOKa3aHH oA QyHKIER MHOT'HMX [epeMeHHHX 43 KJjaccos Opanya LN,
ompejieSeMEX QYHKIMOHAJIOM f},(f):.f/v(ffﬁx%)dﬁa . CxeMa [oKasaTenb-
CTB2 BHIEDHKVBAET IEPEHOC HA IpYyI'ue QVHKIMOHAJIBHHE KJACCH.

§4. TecpeMma YUTHH ¥ ee 4HAJOIM - TEMa MEOTHX pafoT TO Teopuu
NpuC/MKXEHNA; 0Ha ¥MEeeT CBCH MCTOpuB. B 1927 r. A Mapuo Aokaszan He-

DaBeHCTBo )
; | )
Ces (F) ypo i 0l vv:’-' i
o
Gonee cnaBoe, wem HepaROoL ) iy U AEPNES el Yommians
q9T0 (cayyailr , =2 |
«I(/l‘ 7.|.<,/,~]|‘

U OPefnonomui Snpnnsiamnoomy (1t PSR ars - 4 M T
TOJIOKEHNE JOKOAGNG X, S0t o (G087 1, dm WHIPEPRBALNE (54 o B 1982

LA OIPAHRYSHINME yiinn [55 [PECOBARKE HENPEPHMBHOCTH (0IDaky
HEHHOCTH M AP, ) QOYHKUMH 4 [0, L{= K & ycuosuu Teopems 1 moxzo
H3MEHUTE, HO @0 HeMb2A 0TOPOCUTL. HampuMep, CYmEecTBYWT Takhe (He
HENIDEPHRHKE) QVEKIEM { & ? uTo Aif(i)i O [54). X.yuranH,
KaK 0TMEYaJOCk, IIOJNYYHN TIepBHe OUSHEKH IS KOHCTAHT Vﬁ< . Moanxee

0. 4. Bpymmn [21] nokasan Teopemy 1 mnma f€lp. {4peos . u monyumn
OLEHKN BUI& WK (p) ccn®n ( Wg(p) - K -8 KOHCTaHT2 YUTHM s
[.P). B 1970 r. 10.A.BpyzoHemt (24] mosysua oGo0meHne TEOpeMs 1 Ha
DOYHKIIMK MHOTWX [OEPEMEHHBX W WMPOKMA KJAACC GAHAXOBHX MPOCTPAHCTE

{ BRJIYADLWIA C,LP, [=pees, IPOCTRAHCTES Oparva W Ap. ). MeTos
3TOH PACOTH He MEePeHOCATCH, OLHAKO, HA HEHOPMUPYEMYD CHTVAIKD. AlA
JOr TeopeMH 1 nad L/) . O</><[ dokasap 2. A. CTopomeike (371 o
[I0AX0Q OXBATHB&ET U Cayyanl f:p:; P JoKaaaTEassTEG TROPGMEL T
LJl7 KBESVHODMUDYEMBX KAACCOB OpJMYaA B TEPMUIAX OUPGACHAGNE D Moy
nspa f@ 1 B TEDPMUHEX KBA3WHODMH HOAyveHo M. B. Hepcwum [(32]. [44]
B [32] ucnosbayeTcs NOAXONSMMA KpUTepuit OpeJroMNaKTHOCTH. Wisa ue
MOIb30BAHNA COOOpaXESHUN KOMIEKTHOCTH, KaK OTMEYasoch, OpHHAMLNEKN

0. A. BpylHOoMY. !
B 1982 r. B.CeHnoB [51] mpennomun WMC/EHHHA METON LIS OLNEHKH
craut Wy  u noraszam w0 W, W.<1.3, W, < 1.7 ; on xe (52
mpennonowut, gro Wy <4, k €N | openxa W, < cklnk  nonyuena
patoTe [45]; Wksm( - B [38]. HezaBHCHMOCTH WK 0T K no-
JydeHa B.CenzoBeM [52], cM. Takke [36]. 3TUM aBTODOM TOJYY9eHO Bax-
HO€ IIpelCTaBJIeHKkE

(0]

t

o= v 2 o fg) 6 (%4 )dy,
7% 0
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v ({;x)= ﬂ(’f-,zhf)_-- H)“ JA flz-ig) dy |

Ty

a,«u
ﬂ J“ ; /ox_ieCP ;
i=0
L;(/‘

W Ha ero OCHOBe [OOKa3zaHa OLeHKa MAL-_ 6 B [53] IokaszaHo, 4TO
WQ(i)s»éo JMCo/b3ys MHOT'OYJIEHH, "MHTEPHOJALVOHHHE B CpefHeM"
(cM. (10)), D.B Kpsxus [31] B 1993 r. mokasan, uTo W, €2 LkEN.
3THM ®e aBTOpOM MosyueHo, uTo W (,o)é 11, 1 sp<ee (48]

Ipyrue 3amaud 00 3KCTPEMAJbHBX KOHCTaHTAX B TEODUA puGJKeHus
paccMoTpeHH B MoHorpaguu H.II. KopHeftuyka [12].

§5. TeopeMa 1 /A KyCOUHO-IOJMHOMUAJBHEX QYRKIMA ABARETCS HPOC-
THM CJIEACTBUEM COOTBETCTBYWHErO pe3yJbTaTa AJsd MHOTOWIEHOB, MO3TOMY
WCTOPHS €e JOKasaTesbCTBA COBIAJAeT C WCTOPUed [0KasaTeabCTBa TeO-
peMdl YuTum u ee 0600meHni. Teopema o6 "aTOMHOM" DA3JIOKEHMA MOLYJIA
HENPEPHBHOCTH HoKa3aHa M. A.BpyiHeM B [22]. MHOI'OMEpHHM DE3YJbTaT
3TOH TEOpeMH JJs IPOCTPaHCTB LF , P21, IoxazaH D.A.BpymssmM B [25];
cayyai mpoCTpaHCcTB L7>,0<P<i, MOXeT OHTb MOJy4YeH U3 paloT
3.A. CTopoxeHko [37] u V. A.Bpyaxoro [25]; oM. Takke [27]. Kpome TO-
IO, Pe3yJbTaT TEOPEeMH 2 PaclpocTpaHdeTcd Ha (QYHKLMK U3 IPOM3BOJBHO-
ro GaHaxoBa NpPOCTPaHCTBa cO CBoMCTBOM dary [40]. [onpobHoe Ackasa-
TeJbCTBO TEOPEMs 3 MpuBefeHo B patoTe K. A.Bpymsoro [40]; O6OGM€HM?
3TOT0 pe3yJbTaTa Ha CJyYail MHOTMX [epeMEeHHHX mojy4deHo HU.II. Aponoron
B [29]: oM. Takke mocobue L. A.BpymHorce u W.I.Mpoznosoi (4], rzie naHo
NoJpoSHOE OolMcaHue ajropuTMa "crJeiku". 0600ueHrne HepaBeHCTBa Maplio
nokaszaso U.I1. MpomoBoit B [29]. CBONCTBO JOKAJbHHX NPUO/MKEHUA (13)
noJiyyeHo 0. A.BpyIHeM B [22].

§6. OLEGHKH IJ9 MHTEPIOJALMOHHHX MPOEKTOPOB, NpUBELEHHEE B 3TOM
naparpade, B3dTH ¥3 MoHorpaguu (8], [14], [19]. llokasaTenbCTBO TEO-
pembl ®abepa MoxHo HadTH B [6], [7].

YacTe 2. '

§7. CpoficTBaM MOIYJEN HENpPEpPHBHOCTH, BBEIEHHBX B 3TOM Iapal'pa-
de s HelpepHBHHX GYHKUME IBYX NEpEMEHHBX, I[OCBsleHa OOUMpHAas
CTelMasbHas JUTEpaTypa, CM., Hampumep, MoHorpadmu [13], [16] u Ip.

ne -

ToxmecTBo Kemiopmuna (h) OPANEARND ¢ JOKA3ATENLCTBOM B cTaTbe [46]
[pencraBienne (1) o DIpRAMOIMOM (10) ToayyeHo B [39].
AHAJIOT TOmAeO T () s QYHKIMH A [TEepeMeHHHX [IpUBeileH B [24]
BagHbe 5o/, UAGTAUHO cQopuymposaHmse B §7 mns oyErmm £ € ()
(MOZY/M HENPERHBHOCTY, NPOCTPAaHCTBA KBA3UMHOTOYNCHOB, aHaJoTd Teo-
PEMB YWIHYU; TEOPEMbl 0 CKOPOCTH KYCOYHO-IIOJMEOMAANbEON AIIpOKCHMA—
MW, KJacCH QYHKIMA MHOTHX [IeDEeMEeHHHX, OmpeleJiieMHe IIOBeJSHMEM Be-
JIUHMHE KYCOYHO-TIO/MHOMUAJIBHON ANNPOKCUMALIMN), TIOCTABJIEHE U DelieH:
0.A. BpynHem (cm., HampmMep, [23]1, [24], [251)

§8-12. OmMcaHHHE METOIH MOJMHOMHAANBHON M KYCOUHO-II0MHOMUAND—
HOY alllPOKCHMALMM QYHKLMA IBYX NEDEMEHHHX ObUIM [peNJOXSHE IJIs petie-
HUA 33lad 10 o06paboTke M300pakeHUll B paMKax COBMECTHOI paBoTh ¢ MH-
CTUTYTOM MUKPO3JEKTpOHUKKM AH CCCP. BTopo#i cmoco6 BeGOpa TOYEK WH-
TEploJIALAY Ha TOIMHOXECTBE KBaipara (oM. §10) B2AT u3 paboTe A. Jon-
sson [47]. MHOFOMepHDH VHTEPIONAINY TIOCBANEH Pl AUIVIOMHHX pasoT
BEITYCKHUKOB KaQeApH Teopuu QyHKImMA Apl'Y. [IpoekTop "30J0TOr0 cede-
HUA" u3 §9 MOCTpOeH B JMILIOMHOR pafoTe A Jl.ByxapuHa (1990 1., Ha-
YUHbI DYKOBOIMTEJNb [I. A.lIBapuMaH). [lepBbii aJrOpUTM, ONHCAHHHI B §12,
NpenJiokeH B padoTe J.R.Rice ([50]; BTOpoit anrOpUTM B3AT U3 CTATHU
R.A.DeVore, B.Jawerth, B.J.Lucier [43]: Tperuit ANTOPUTM CONIBPRUTCH

B cTaTbe R.A.DeVore, V.Popov [42]. Coyqad npusIMsemus ciiafiamm
POM3BOMIBHOM CTEMEEM (He TOJBKD HYJGRONA, KAK B THOTLGM 8ITDRATML)
baccMoTper B cTaTbe 0. A BpynHoro. W. 1L Upondonon [281, o Tawkn [

cTaTee R.A.DeVore, B.Jawerth, V.Popov [44].
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